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SUMMARY

7']w bderactio, betweel_, a _eutral stream q[ io_ized

._olar corpu,_cles al_d a three-dhnel_,_io_ml mag_etic

dipole represeldit_g the geom, a,qltetie fiYbt is i_re,_'li-

gated. It is a.s',_'umed that the stream i,_. cot(fil_ed to

the exterior al_d the mag_etic fie/d to the i.terior of a

hollow, the boumlar!t of which is defi.ed by a thi_

curre#_t ,s'heath. +1. approximate method of solution,

is applied, aml re,_'ult,_" are llre,_enteU for IAe clmrdi-

nale._, qf tDe trace .f the boumtary of the hollow i_ the

mer'idial_ plal_e c_>tttah_ing tDe ._u_-eartD li_e arid the

dipole axix for ,_'everal relath,e orie_latDm,,v. Igesults

are al,w, pre,_'ented fm" the trace ,iJ_ the equat.ricU pla_e

.for the cax_. h_ wltich, the dilmle axis i,_. mJrmol h_ the

._ut_-earth li_m. The corre._pomli_ 9 pr.blem i. /u'_>

dime_,_'ion8 i,_ al.s.o eo_._'idered, aml 'it i,_. ,_hmt'_ that

the atml(>gou._" al_pro.rimate re,_ult._ are i. 9..d agree-

me_d with the re,vult,_" imlicated by an exact ,_.htlio_t

,( th, e uame bauie effuati+,.u.

INTRODUCTION

The t)rescnt paper is concerned with the study

of tile fiwin of the statil)mtry hollow carved out of

an extremt'ly rarefied neutral s/ream of ionized

particles ill)wing lit hypersl)liic speed past l,he

field of a magnetic dipoh,. Inlerest ill this prob-

h'm derives fi'onl a long series of invest iglllions by

Chalmian, Ferraro, and ol]lt,rs (see refs. I and 2

for a r6sumS) undertaken t<> explaitl the comwction

between solar flares and geonmgnetic storms.

The broad fellttlres that, have elnerge(t fl'oiii these

stu<lies illill fl'onl nuliierous aiid diverse Ollservl/-

lions Ill'(' thai ill(, nillgil(,tic vlu'iat,iolis (!}llll'til'ler-

is|i(' of geoliiligileli(_ sloriils are the result, of illler-

ll('iion be;weell the ])erliililielii llltigliOtl(' field of

tile el/l'lli lili(| strellllls (if iieul rill ionized gas ejech,(I

[i'Oili the Sllll, Tile dimensions of ihe Sl.l'OitlllS ltl'(_

large conlpllre(I wilh the (|iliiensioils of the ellrlii,

lilid ltle gas of which the slreillllS liFO t_olnposoll

coilsists lilailily of proloiis and eleclrolis in very

illqlriy equal llilnii)ers. Tile speed of lhe I>tirih'h,s

is usually inferrell 1.o I)e of tile order of 1000 kni/se(_

frolii tile tinle lag of ilboui, one (ttiv [)elween l}le
t)(_(!lll'l'eilt'(_ of II solar flare Illi(l tile Sll(|(Ipll ()lisp| of

II gl'llillilglie(ic slorlll. 'rile lliilli})er density of the

protolis is fre(luently quotell to 1)e of the or(ler of

il|)l)lil 10/(!nl :_, hul is more vilriable than the

vel<)cily and tippill'lqil, ly llllly Ill, lls Slillli] ilS l!alll '+

ill' its lili'ge its |00/('lll 3 or 1000/('111 s,

More reconl tinll|ysis of tile properties and

t)elillvior o[' i'<)iliel ill|is has led Biern'llilill lit

lldvll]l('(, tile idea l}lal there tire i)ot ollly discrete

sire|ires of l)ariicles ejected ['roin Iilo Sill|, bill ll|Sl)

It generlll rlldilll oulflowing ()t' ionized }lydrogen

['ronl all l)ill'lS of the Slili ill all tiines. This flow

]ills t)een lei'med lhe solar wind and t ho sludy of

iis properties }/tis been the su|)jeot of till extensive

series of t]leorelical investigations by Parker and

otli(,rs (soe refs. 3 lllld 4 _'OF iI tel'ell/ ii('¢O(llll[ of

this worl<). These studies togeti/er with further
ot)servllliontil evidence }lave cuhninllled in the

coilchlsions |hill llie particles ('onslituiing tile

solar wind ill't, inain]y t)rololis lliid eleclroils ill

equal lll.llllber, liild iliili they n__ove outwtir(| frolil

tile SIlll as the |nov|faille |lydrodylitimic coils(,-

([lllqice ot" |he expansion of the soil|l" coroiili iliio

inlerplailetary splice. Parker slates ]ii refl,l'l,nl'o

4 l llill ill solar mininllinl, l}le velol.iiy (if expllnsioil

llltiV bo, ollly 300 knltsec and ill(' lllllll|)er density



'-) TECHNI('AL t,IEP()RT R 12(} NATI()NAL AEI_()NA("TICS AND SPACE AI)MINiSTttATI()N

tl._ low a,'-; 20/<'hi :++it tile ori)i! of ill(, earth. Th(,

quiet-duv solar wind during tiw years of solar

n(.tivity is more intense nnd Park(w goes ou to

suggest that the v(,Jo<'iiy nnd tlunib(u" d(uisitv may
ext'eed 500 kin/see und 10(U'('ni :_at su(.h limes.

Th(, (.los(, siniilarity })etwe(,ll the 1)l'<)l)(,l'ti(,s (if
I hi' SOIILl' %Viii(| tUl(] thc ('Ol'pllS(qlhti'-sI.l'(qtlIls iisso-

('intod with geoniagneti(, storms is obvious. It

follows thnt runny of tiw ph(,n(ml(,na nssoeiated
wiitl the inlera('ti(,l of the solar wind and the

geomngneti(' fi(,ht nr(' (,ssontiallv lh(, ,'.;anie as
those n:sociat(,d vcith the stendv stllte (,stnblish(,d

within , rt,w minutes after the sudden <.omnituwe-

tn(,nt of _t geoniagi_eti(' storm when the enrth

t)(woines fully ininl(ws(,d in the solar ('orpus<.uhn'

str(uini. It hns t)e(,n suggested t)y Zhiguh,v and

Roniishevskii (r(,f. 5), I)uNgey (ref. 6), and

()bayashi aud ltnkurn (r(,f. 7) thnt n ('losely
relnh,d slim(lion also o(,.urs ew,n iu the

nbsen('e ()[' the solar wiud or <'m'ptlst.uhtr slrelllll,'-;

Iis II r(,slllt of Ihl, (,ltt'tll's IIIOliOll ill its Ol't)il

throtlgh au iuuized medimn, ll is not ('(q'laht,

howevt,r, tirol the nss()<'ial(,d phellollienn are

analogous in all details. The renson is that the

orbitnl v(,h)('ity of the earth is nn ordt, r of nmgni-
iu(h, snialh,r than the velocities quoted _ll)ovp for

th(, interl)htnetary gas tlows, and the etre(,is

resulting from the random motion of the t)nl'ii(,h,s,

whi(.h nr(. (,ust(mmrily m.gh,('ied in the study of

these prol)h,ms, root(hi I,e exp(,t'ted to lie r(,httiv(.ly

gl'ea t (,r.

Although the fundnnlontul (.olw(,i)ts and e<tun-
lions governing th(, iuternetion between a neut]'nl

sir(ram of iouiz(,d solar cort)us(.h,s nnd n three-

dinl(,usionnl llitlgtl(,ti(, dipoh, rt, i)r(,sellting the

l)t,rmnn(,tll g(,<iniagneti(' field httve b(,(,n (,stalilished

for runny yet:trs, the solnth)n of th(, r(,,,-;uhing

prol-,h,m has proved to b(, a diili(,ul! task. Mc, sl
inv(,stig+lti(+lis of this l)rol_h,m htiv(, inv(ih't,d a

reduvtit;n in the nuniber uf diniensi(ms, but

Bi,nrd hns r(,<'(,ntly l)res(,]Ited an +tmtlysis iu
referen('e _ iu whi('h lhe full thr(,e-dimeusioiml

ehnrtt('ter of Ih(, prot)lem is reiained throughout.

Simpliti<.ntion is ai'hiev(,d by r('lhl(tuishhig line of

lho I)onndiiry" (.onditiolis till(1 rei)lti('ing it h.'¢ tin

alilii'oxhnlth, re|(ilion thttl is exlt('l for the rehlled

oilt,-dillieii,,,;hliilil th)w. Ill (his wtiv, Be((i'd i_

entitih, d Io derive li rtiliier 10ngthy nonlinear

i:uiriitil differentili] equation for ihe ('oordintlle_ ()i'

the _lll'fli(.(, ]tOliiidilig the hollow. He llieii pro-

('eed_ l() delerliiilie tile sob(lion hi ('ei'lnili i't, ghili,,-;

where intirkl,d siniplifietltion (l('('ilr._ by r(uisoli of

syilililelry. Resulls tii'(' lhtls given for the ('oordi-

liltlps of liie slirfliee ill ltle (,(tutil()rial i)]niie, till(t

tllso in the vi(.inity of tile lllerhiitin pitt(l(, ('Oll-

llthlilig the dipole axis tlild llio v(,h)('iiy Ve('l(li" Of

tile undislin't)e(t (+orpuseuhlr sli'0tltii for the Sl)(winl

(!ilse in wtii('ii these two dire(,ti(nls ILl'l, perl)endh.u-

hlr.

Extinlhiiilion (if llie resuils for ihe nipridian

phine revel(Is, however, ihtli they do not till stilisf 3"

tile g<iverllillg <lifl'(,l'(,tltilil (,qlinli(tll dl'velol)('d in

lhe lilithi body of ttie niitily:-;i+. Th<' tirhieil)iil

slel)s (if ll(uir(l's nnnlysi+ lil'O theref(>r(, reviewed

in the tlre_eiil tiitpof lirelhnhittry to the lire+el/in-

lion of lhe new i'e._uil._. Perrtlro hns, hi tl<i(lilion,

presenlt,d _.OlliO (+(lililli(,lll+ hi ref(q'en('e 9 nnd Silg-

ge+te(t lhnt ii w(>uhl t)(' tiellel', nlid li() ]noi'e

dillhulli, io use tt sli+hily (lifl'ereni llpi)roxinitite

i'e]nth)ii. This Sligge.+.+li(in hns ne('oi'(thiffi.v tieeli

in('(irl)orlil¢(1 hito the presenl nlittl':.'@_, bnl it is ti

sillli)lt' lltlill(,r l() l'(,eov(,r the (,(t/lilliOllS of |_(,lil'(l

fl'olil the e(lulttions given }l(,l'Oili, if (h'sire({.

Th(, l)rin(.ipal (.onlrit)uli()n of tile prpsenl in-

veslignlion is, ]iowev(q', tile (teternlinnti(_n of lhe

ll'tt(+( , of the t.lotiii(].ltl'v of the holhiw ill tile lll(,ridiltli

[)hlllp ('Ollttiilliilt£ the dil)oh, axis iilid tile v(,h)('ily
v(,('lor of file in(.ident sii'(,tint for siwertil <'nsps in

whh'h these lwo dh'e(,lions tti'e llOt perlJendi('uhlr.

_iil<'(, lv¢o-dhllen+h)nti] iilod(,ls httve l)htvi,d till

iinportilnt role hi nltinv prevhnls (|is('tl_si(lll_ o[ the

l)r(,senl nnd rehlted geol)hysi('n] ])r(tt)ieins, Ill(,

e(itlulioli+_ for ih(, ('(irresi)ondiil g Iwo-liilll(,ii,_iontil

[)roli]t,nl _il'(' it],+,()[ntl'o(hl('e<{ nii(I tile tiliiil'()xiliiltl(,

soliili<)n is I)re._enled. Ii is found lhnl the forni

ill" lhe holhtw is shnihir hi iil(t_l, bill n(tl till re-

_l)(,('ts, I() lhtil found for the three-dhlten_h)ntil

model. An hidh'ation of tile (tnnlily of lhe r(,sults

Io tie (,Xl)(wted froni lhe tii)proxin]tile solutions is

I>rovide(l by ('oil(par(soil of lhe lll)lJi'<._Xiliitil(, I'e-

stills ot)ltiiiipd for (he l'ornt (if (he ti(i]](iw witti (he

extl('t results for the lwo-din]ensi()nal too(h,1 given

t)y _hignJ(,v lind I(oi_lishevskii (ref. 5), l[urh'y

(re['. ]0), i!.ll(| Dung(,v (r(,f (1). It is S]lOWli timt

1t]0 t'orIn (if 1hi, ll)Oi.llldtil'y hidi('liled t)y 1}](, lll)proxi-

iilttte sohilh)n is hi good itgr(,(,in(,iit with lhtil in-

({h'lal('d [)y 1}i(' eXa('l sohlliOll.

FUNDAMENTAL ASSUMPTIONS AND EQUATIONS

Ttle fundanientnl ussun]ptions and equalions of

the pr(isOlit ariillysis til'e 1)us(,(I Oil the results of

l)l'evh)us itivest](+.,rttth)lis of |l(,ill'd (l'(+f, _), l(errtiro
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(refs. i)and 1l), and I)ungey (ref. 12), which are,

in turn based oll a long series of investiga(i(>ns t)y

Chalmmn nml Ferravo, and othet,'s that have I)(,eN

summariz('d recently in refercn<'cs 1 and 2. It is
assumed in these and related studies that a steady

neutral ionized corpuscular stream flows rndially

oulward from the sun. The I)resen<'e of the geo-

magneti(' tiehl has the e[re('t of cav',ing a holh>w

out of the stream. The ho]h)w is boumh'd by a

lhin ('urreni sheath, whi('h has the [)roperty of

('ontlrdng the COrl)USCUlar stream 1o the exterior',

aml 1t.' geomagm,lic field 1o lhe interior of lh('
holl()w.

DuNgey (ref. 12) has investigated in d('lail the

conditions thai prevail, f(>r the sleady stale, at

the surface of lhe hollow where the aerc[lymmlic

pressure of the defh,('tcd stream is I)ahm('cd I>y lhc

magnetic and ele('lri<'al forces (m the clmrge(1

l)Urti('h's. It is found tlmt the l)arti<'h,s ()f the

('orl)uS<'ular str(,am move in straig]d liil(s u l) to

the boundat: of the hollow where they are, iN
effe('t, spc('ularly refle<'tc_[ and l'eturncd to the
sir(,ain with a dirc<'tion of motion (litrerent from

that which they possessed in lhe in('idcnl str('aln.

In so iloing lhey exert an aer()t[ynnnli(' I)ressul'e
2mnce('os_,¢, on any (,h, ment of 1t., t)oumlary f()r

which cos __<0. The quantilies m, r+, .rid :'

represent lhe mnss, mlmber (h'nsily, and velo('ity
of the positive ions in ihe umlislurtied incident

stream and _ represetlts the angle which tit(' dive('-
lion of the undislurt)ed motion of liw l)artich's

makes with the outward normal to the surface al

the point of imlm('t, An el(,lllelli ()[ till' S(IFfll('('

that fails to comply with the c(mditi(>n thai c.s

/:4
/

_r

, Element of boundory

'" of hollow, F(:,_, e_)

: COI1StQ tit

<_"_._,, oo,.o,d oo,mol,o

I"L(;VRE l. View of coorditmte system.

;k_<O is shiehh,<l from the stream and eXl)eriences

IIO I({'l'Od3'lltll]li(_ pl'('SStll',t'.

[)ungey l)t'o('eeds to sh(>w that the .erodymtmic
pressure is l)ahm('ed I)3+ th<' magncti<' l)t'essure

ll/"/S+r where IL is the total (tang('tlt ial) magnet ic
liehl ut the Stll'fa<'e of the holh)w. These ('Ollsi(lcra-

li<)ns lead to the following rehltioll which JJJust Im
satisfied at the l)<mmhtrv of the hollow:

ll/"/STr 2m./ ,'.s"g. (1)

Wilh m, _+, and +" expressetl in c.g.s, units, IL is

expressed in gauss.
The total magnelic field H in tlt<, interior of the

hollow is the Stltli of tit(' I)t'rnltlll('lll lnagneti(' tiehl

H, and the indu('ed lnagn('tic liel<l H' _lue l<) the
Ctll'r,,'llts ill tilt' stream surfa<'e. This lieh! depends

on the shape of the hollmv, and its properties are
<h,scriln,<l by the solution of tilt, magnetic fi<,hl

equati(>ns

div H =ll, curl H 0 (:2)

which satisfies the boundary cou<litions that the

normal component of H vanish aml the tangt,tltial

(,Otnl)onent <)f H t)e giv(m I>y e<ltmlion (1) at the

surfa<'e of the hollow. It is also necessary tlt+tl

the solulh)n possess the al)l)roprhtle sitiguh(rilh+'s
in the ittterior of tim hollow that, are t'equire([ to

t'epresenl the nmgneti(' fie[<l of the earth and any

exterior current systents that m,tv be l)resent.
These will be <'otisidered to be represented I)3, tt

single ntagnt, ti<' dipole. Thus, H, for the lht'ee-
(liniensi(inlil ('its(, is given liv

H,, = (+11,,,,,,,"+,:+)(0 sin 0 4 ;'2 cos 0 (3)

wh(,r(, the <.o<)i'(linlit(' s3st(,nl is fixed with l'('sp('(4

to tile dil)ole as illustritie(I in figure l, 0 lili(| #+Ill'('
Uliit vecl<)i's ili lhe ({ire('lioli of ilicreiisiilg 0 ilil(I /',

and the iiiilgneli(' nionienl of the dipole is given

t)3 JIv+ <{_flv0, where o l'cl)resenls the rii(lius (if

the etti'lh and [Iv+_ rei)resi'nls the intensity ()f thl+

geoniligneli(' ill'hi ltl tile initgileti(' e(llliilor. The

(,orr(,sl)on(lin g (,xl)rl,ssion for lhe ])lq'liitill('lll liliig-

nelic flehl hi ilie lv¢o-dinlensionii] case is

H_,, .... (,1I_,,,'+'_) (0 sitl 0 + ? <'.s 0) (41)

wil('re the nitlgnl'ti(' niolneitt O[' the two-dilnen-

SiOlitt| dipoh' is giv/'n t)3' ,l[v, 2 <(-'Hs+ , tint:l lhe

Slltls(q'il)t 2 is us('tl whei'(' iilq,l,ssiiry 1o (leliOte
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ill(' vnlu('s of It.' indi(ml(,d (tu_lnlities thal, are

assovialed wilh the two-diN.msion,1 probh'nl.

It is it I)rOl)ertv of l[l(' Id)ove equations thltt H

(mmu)l vanisil over _tnv region of [iNil(' (,xh'nl lit

lhe interior of lh(, holh)w. It |'o]]ow_ |}li|l []|o

houml.rv of the hollow must I>v of su('h form lhut

(.os __<tl evm'vwtwre with zero vlihl('S o(.curring

only In isolated l)()inis .,' lira's. This ('ondilion

l()gelher with the al)()v(' ['(llillli_lllS slll'ii('lL's lo

Sl),,(.ify conll)hq(,ly th(' forlll for tile l)()undnrv of

Ihe h.lh)w illl(I lhe prol)ertil,s ()f lh(, liitl_'llOlil +

li('hl('(ililnill('(llhi'l'eili.

('oilil)arison ()I'lhe malh(,malh'al formulaiion

of Ill(' I)robh'm summ,rize(l al)ov(, wilh lhal

(h'riw'(l iN an (mrlier (h'inih'd study ILv l;erraro

given in reft,r(,n('i, II r(,``'(,als (Ill(' (lilrereli('v. II is

that |#(,rraro nrrives li.t the folh)v, iNg exl)ressiml in

Ida('( ' or e(imi.iion (I):

]L=',,,STr . m, ¢:' ('os _ V; (;)t

This result in(li(';ites that onl``" hlilf lhe ni'ro[ls-

nlllliil' liressui'e is I/lllltn('ed fly the lntigneiic

]iressure. I_'l'rrnro stllll's thlll tliis inipih,s lhilt

lhe oilier llaif is blilllnced hv li relnrding (,h,c-

ll'oslltli¢ field ti_:':,o('itlled _.vilh I( sli_tit chlu'Te

Sel)lirlilion in lhe vicinilv of llie t)o!uidiu'v. _ucii

ii $(,I)iirli|iOli o(.CllrS (is li ('OliSlqttl('llt'(, of ltle I'acl

ilnii lhe iiio1'o illnssi``'e ions I)en('lrllle sliFhil.v

(leel)er inlo lhe ltmindllrv lhlul lhe eh,cti'ons.

The i'esullllnl eft'eel of II_hlg e(lUlitiOli (;3) i'i/tlit,i'

llilui (I) is lhlil all ]hil'ar diinensi(ins of (he tlolh)w

Ill'(' ]lll'7or bv i( flit'for of '.2)i/ll for tile I}iree-di-

ill('llSiOlllll ('lls(' nn(I 7 I11 for the twc,-(liniensionlll

('lira,. Ptll'ltier exliniinltlion o1' lhe lilernlnre re-

v(,nis lhill e(lultliolis (1) and (:3) liiive I)oth I)(,(,ii

used in r('('elll siu(lies. E(lllalion (1) has t)(,(,li

used, for hislnnce, hi referen('(,s 5, <"4, ]0. lui(I 12

I).v Zhi_'l.il(,`` ,lnll l{onlishe``'sldi ]h,ni'_l, tlurhLv.

lind I)tlligey, resl)e('lively. ()n ihe olh('r ]illll(t,

I'('t'('lil ._lii(lies I)y |Tl.,rrllro (i'el's. 9 ((lid 9), lls well

iis lhos(, of ('hllplnlul (ref. 1), ()l)avtishi and

Itllkin'li (ref. 7), I)iddhiglon (ref. 1;l), and lhe

I)i'e._i,lll lililhors (ro['. 14) are all I)a_ed Oll ('(lllaliOli

(5).

The (.hole(, of c(lulllion (l)or (5 I) to i'('t)r(,s(,nt

Ilie ('ondilions nl lhe I)t)un(llu'`` of lhe geoniagileli('

th,ht is obviousl 3- li liillllor lhlit re(iuh'es ('hu'ifiea-

(ion. It is forltltillle, liierefore, lhlit the |wo

l)l'hi(qplil (h,rivlilions of itiese e(lulilioils , nlillie|3"

those giVeli I)y l)unge.v ill referen('l:, 17 lind I)v

[?(Triiro hi rlq'l,l'eli('e 11, itl'O t)lise(I Oil esseniiltllv

lh(' Slilii(, fulidltnlenllll ('(ni('ei)Is ((lid equlllion:.4.

Tile Inilllv_,is given I)v Perrllro is iliil('ti h)ligei',

howe``'er> liel'luis(, it ili('lu(le_ conshl(Tiitioli of lhl,

unslelill``-('llse, wiiel'eils lhiil given t)v ])iilllZey i_

('onlhie({ lo (he slelidv-slnle ('lise. I1 lil)])(,lirs,

in ra(.l, llult ihe sligtlll). (lifferent olije(.lives in

lhe lwo (lerivlili()ns li('UOlilil for lhe differen('e in

Ihe thlal l'esull.

Thus. ]?(Trli r() iS r(ili('ei'liell ])rin('ilmily wilh lh('

[h'sl i)lllise of ii geoiiiagnelic :.q,t)rlii dui'htg which

il is I'OIISi([01"('(I lhllt Ii llOl]lrlil ionize(l ('loud of

linile (,ill,ill li(Ivliii('l,s lowltl'(t (he ('tii'th l(iid ('oin-

])l'(,ss(,_ lhe niligneli(' field, ll is aSSUliie(I, in (he

nnalysis, lhilt lhe (h,nsil V of lh(' slI't.'lilli JllSl iiisht(,

tile lea,lin<# face of 111(' cloud is 11oi ill('rease(I

al)l)i'el'i'd)l.\ liv lhe |)reSell('(' or ()Vel.liil_.(,li or l'e-

t)ollnllhig liai'ii('les. The il('iilnl ili('r(,li:..;(, is li((l

cah'ulllt(,(t, bill it is ('on('hi(h'(I Oll itl(' basis of

exlinihialion of ('oii_liliOliS lhnl lirevnil ill ltie very

('nl'l', stages of th(' illleril('lion when It1(' ('h)ud is

v('rv (tisllinl froln lhe elirlh ihlil lh(' ili('r(,tim, is

in(h'('d snillll. II is lhen shlctWli lhnl ilies(, lir_'tl-

iii('lils h'll(l Io e(tuilli()n (5). Tliis i'esu|l is then

nl)l)lied in lhe (lismission of not only it((' inilitil

I)hil_( , or lhe iin_lelidv cnse bul lllso lhe tlilill

slt<,lldv-sllile ('lifo in whh'h llie l)iii'li('h,s _il'O, iii

eil'e('l, ,_l)('('ullu'ly relle('le(t frolli lh(' l)Olili(lilrv of

the g('OIIlli71iolic ill'hi.

I)llllge 3 f'()ll('('ll|l'il{0S, Oil lh(' olher Imml, on IIII

nlilllvsi_ of llie ('on(lilioiis llinl lirevai] wiien Ill('

('Ill'It( i_ deet)l.v iinin(Tsed in li lielltrn] ionized

('lou(I llli(I il slendv stlil(' hns t)e(,li t'slatllisli(,(l.

('Olisi(h'rliliOli is given Io Ill(' iil('rl'lis(' hi lh('

(h'iishv (ll' Ill(' Sll'i'alli jllSl mllsi(h' lhe t)Oiliidilrv

of lhe iiiiiglieli(' fidd (till' t() 1he I)i'('_eli('e of l'('-

I)ouli(ling t)lirli('les. _hil'(' lhe nulill)('r of r('-

llOllli(ting I)lu'li('les is jllSl ('(till(l, in Ill(' sl('lidv

sliite, lo ill(' iluinlter of plirli('h,s in Ill(' in('hh,nl

str('alil nl ihe Slilli(' l)ohii, lilt' densilv of lhe

strelilii in lii(' vi('inil', of ih(' I)OUlidnrv i:-:, jusl

iwi('(, lhlli llsso('iltled wilh llie in('hlenl _lr(,iilil

il]OlltL 'l'lil,s(, ('OllSi(l(Tiilions, wit(,n lllil)lied lo llie

iliiiOiilOlZ(,li(,ou_ Milxwell's e(liiiilions , ](,nil to ih('

fii(qor <"4 hi llle rigill-lillnd iii(,iiil)(,l'S of eqilllliOli

(8,.7) lin(I (,',4.<',.I) i.)f [)uligey's anlilvsi_ eOliil)ilred

wilh tli(' ['li('lor 4 in liie rilzhl-hltnd ni(,nil)ers of

e(lulllions (ltl) nlid (21) o[' |?('rriu'o's lililtlysis, niid

iLl'('Oiliil u]ihnllle]v for l}ie fli('lor 2 in i]le righl-



I)ETERMINATION OF THE FORM OF THE HOLLOW IN THE S(.)LA]+. COI)PUSC(+LAR STREAM

b_H)d metal)(,/' of equ:liiou (1) <'Oml)_U'('d with u/fily
in (,qualion (;'>). The final ('ou(.lusion is th:L( th('

reh_tiot_ i.r,iv('u by equation (I) is the _tl)l)t'ot)t'iate

<'ou<litio/_ to _)pp]y +_l (h(' hou).hu'y o1' lh(, _(,om._z-

twti(' fie](] for umdvsk of steady-slat(, i)rol)l(,ms.

F(,rr_u'o luts indi(',te(] in pt'ivale ('orr(,sl)on(h,n('e
wilh the .tllhors (ha( h(' ('on('tH's w/th lids
('otMt_sic) n.

Xlt('uiion is dt'awn to th(' fa('t thai I)tlngt'.v

;tl)l)e_t's to use e(lit_tiion (5) ralhet' (hall (It iu his
more rec(,ttt work given iu t'efereuee 6. There is

a ..+light alnbigttity in the (h,titfiiion of the ntunl)('r

density n, how(wet', and il al)l)(,ars Ul)OU ('loser

(,xaminaliou thnt this quantity rel'ers to the sum
of tiw iu('i(h, nt un(l vell(,('t(,(l ion._ t'nth('v than th('

tltlIlll)et' Of ion:+ ill lit(' ilwi(le))t slI'('a)+l ll]OltP, i[. '_

ill his I)Yt'\'iotls work. "_Vilh this itlt('t'l)l't'l+tti(')tl,

tile l'(,latit)t) t'ntl)h)yt'(l in l'el'('t'('tl('e (i is (,(lt)ivah,tlt

t(') e(ltudiot) (I) t'nlh('v than ('5).

])e see)) subs(,quently }t(,r(,ht (]'u)( tlt(, ('o)')'(.Sl)ond-

ing vahw forf itwr(ms(,s 1o M)ou( 0.!)1:3 when flow

past, a two-(limensiotm] till)oh, is (.onsi<l(,rt,(t. 1(
will _dmo l)(,(,u seen (hl)( it)tro(lu<'(io, of +_cotl.,+l+)t_!

l'tt(qorf into tilt, +umlymis nfl'(,('ts ouly (h(, size und
uot the form o[' lit(, hollow. Th(, (,Ire(.( is, m()r(,-

over', of oi'dy z))odet'ate h)q)orta)we iu (ho lhc<.e-
(limensio)ml ease sin('e the lin(mr <]itn(,nsions ()1' tit(,

hollow are prol)ortiomtl (o th(, (rot)(, root off, a).l
i( is )ulti(4l),(od (h.t v.ht(,s for f will b(, ottlv

.'.+lightly (lifl'(,r('n( front unity.

"]'It(, m+)thenmti('al inil)leult'ntation of the _d)ov(,

('onsi(h,t'ations requires the (h,l(,vntination c)f tit('

_tppt'l)pt'i.t(, (,xpr(,ssio)l for lit(, ('o)))po)t(,n( of lit(,

l)(,rm.u(,nl nmgn(,ti(, fit,hi tlt.( lies in lit(, sutq'n,:e

of tlt(' holh)w. This h.s h('(.n .<'(_ou(1)li..+h('(l. ex('t'pt

for omission of sig)), hv ]h,iu'd :)ud the )'(.st)l(

h;tving l)ositiv(, s(,ns(, iu tlt(. (lir(,('tiol) ()f in<'r(msit)+z

0 is g'ivt,n I)y

THREE-DIMENSIONAL PROBLEM

I)EIIIVATION OF AN API))IOXIMATE I)IFFEII:ENT)AL E(_IIA

TION FOI,_ ')'tt/_7 CO()I,H)/NATE,'q OF 'rHP," H:OUNI)AR¥ OF TItE

HOt, LOW

A.n ('xa('l solution for tilt, fovtu oi' till' l)otuMat'v

of th(, holh)w for tlt(, two-(litm,nsionul <',st, Ires h(,t,u

giv(,n t'(,('eutly l)v Zhiguh, v _tn(I llonfi_h(,v._kii (r('l'.

5). lltu'h'v (t'('l'. 10). ;m(l l)t)ng('y (vel'. (1), l)ul it,

"Wit,_ lt('('('gSitl'.V lOt' [_('itl'd tO l'('SOl't tO t)l)l)Voxinutt(,

)n(,tho(ls in )'('f('t'('))('(' S to ol)l.i)t ('omp;tr)tl)h, r(,-

suits for tlt(, i)hysi('nIl.v r(,n]isti(' lhv(,(.-<lim(,u,_iouul

('as(,. Th(, (,_st,ntiul ('on('(,l)l that l(,_t<l.'< to th('

sit))l)lili('a(io)l a('hi(,v(,d by B(,a)'(l is ll)af lit(' ('o))-
(litton thut fh(' novnml ('Oml)On(,n( of H vanish u(

the l)ottn<hlrv oi' th(, hollow is t'elin(ltiish('d .n(l r(,-

l)bt('('(l by tlt(' +q)l)/'oxi))).l(' <'ot.lilio)) lit:t( IL is

(,qua] to twi('e the tangential (_Onll)on(,nt o1' tit(,

l)ernmtuqlt nmgueliv fit,t(] H, at th(, salne point.

lg(,t't'a)'O l ta,q sti]),'.+('q l)Ollt ly [)t'('si't) l ('(] So)tit' ,+'())fl-

int')Its it) ri,l't,rt,)w(, () regarding this nl)l)roxin)ntion

ttlt(l ,'-+uggesle(l that it wouhl 1)(, beltet' to t'('l)l_t('t'

the fae(ov 2 l)y 2f wh('v<' [ is +_('on.'_ta.t, the yah/<'
for whi<'h is to It(' (h,t(,rmin(,<l nt lit(. (.n(l of tilt,

(mh'uhttiou t)v nmt('hing ('on(litton..< nt sonl(, par-

(i('uhtrly sig))ifi<'atll poittt, tle t))'(,s(,))(s a siml)h'

ilh)strativ(, two-(limensionnl (,xatnl)h, involving

t|ovv past it, ('uvr(,nt-t)e;tring wir(, ttn(I shov<s that a

r(,asonal)h' l)rOe('(lur(' t'o/" the (','+tim+)riot) off I<,.<I_
to the vnlt)e ().(i,"+for that l)tllqi('ttll|l . el)SO. It will

_;. H,,= -- (b'Mp/r:_)lsiu 0+ (2/r)(c)r,'c)0) <'<)s0] (6)

whPI'('

b' --it 4+ fly)(c_r/OO)_j-'"-' (7)

_tn<l )',_/:(_/;_+) is ;t trail v(.,'tov in (it(' di)'('<'(i,,tt
of the lint' of int('vse('lion of ill(' surfit(_(, of the

A

holh)w .ud a l)hm(' ¢_('+<)n.,q, .. is . unit v(,(q<)r
in tlt(' (lir(,<'tion of tlt(, oulwav(l not'nml (o the

stu'fa<'e k is It norm.liziug f:t(.tot'. _ttt<l lit(, (]t).nnliti(,s
r and 0 now r('f(,r t(l tilt, ('oor(liualt.s of ih(, stu'fn<,('

of tit(, hollow. E(luntion ((i), tog(,th(,r wilh lit(.

assun)l)t it)t( )hal

x

11_ 2.1"(P. H;,) (,_)

sulli('('.'-; 1() provi(h, tlt(. )'elation tw(_es.,.;avy It)

ext)v(,ss lit(' h, ft-hnn(] side of (,quation (1) iu t(,rms
of tlt(, ('(tor<lina((,s of lit(, sttt'fli<'e of lit(, holh)w ,m<l

lit(' dil)oh' nlom(,tt( of (It(, l)erman(,nl mngneti<'
IM(I.

It is also ne('essar.v to (h,t(,vnfin(, ill(, (tl)t:.Vol)ri.t(,

exl)v(,ssion for th(' right-hund side of (,quatiou (1)

it) ((,rms of the eoo)'di)).t(,s (>f (h(' bou)td_)ry of

the hollow. Tiw t,sseulinl part, of this tt't'm is

the qu_uHity cos q], wlti(4) Beard hns shown (.a)t

I)(' wri(t(,n _)s follows it) ((.rnts of (}it. (,qua)i()))

l"(r,O, ¢) (':)us) (h'finin_ th(. l)otm(Invy, au(l lh(,
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angle X I)etwe(,n the direction of th(, inHdent

strmun and tile imrlnal (o the axis of Ill(, dipole.

('os¢= l_,.v --a[iJi)_'(sin¢sinO(.osX--(,osOsin X)

+1 OFr 30 (silt _ cos 0 vos x-_ sin 0 silt X)

V,"] ) P l'U

1 OF ]+r sill 0 -O_ cos _ ('os X ((.))

" _,. ,, ,.._to#)+,.,.. .-si,,=o(o_,I_l (10)

ll,1) d

.. 5[.' . 01" . _k'
,/F 0), m+ ao dO+ a_ '/_= 11 11 l)

('()nlt)ilmtion of e(luations (1) and (6) through
(11) log(,ther with Ill(' dinlensi()nh,ss radius
p-- F"'t"o _V[I(q'U

1(hrm. I' , " 1(')Trm m'2I
(12)

If'ads to lhe fo/lov<ing (tiff(,rt,i)tiM equal itln for the

radial cooMinale p of tilt' l)oundary of 1he holh)w
expressed as a fulwlion of l lw ;[l)glll_lF ('O,i,l'([illll.t('s

0 and

,,,( +oo )-!:p:_ Sill 0 '- - ('(IS O"p c)o

= .' [(sill _ sin Ol'()s k--('os 0 sill X)

1 cSp (sill ¢ COS 0 cos k+sin 0 sin X)
p O0

1 Op q
COS

¢ cos X] ( 13)--p sin b O_

iu whi('h (he nurmalizing fa('lur tr' is defined I)y

U' [1 _ (1/pU)(c)p/'C)O)2-{-(l/fl2silf2O)(c)p/C)¢)2]-1,"2 (14)

and b' is defined by ilw relation given in ('quatitin
(7) wilh p u rilt(,n ill l)la('(' of r. It folh)ws fi'on)

tilt' dinlensionh,ss (_haracler of this e(lUaiion that

variations ill Ill(, (hmsilv and velocity of tit(,
umlisturl)ed corpusvuhu' stream, and also in the

vMue selected for the fla'torfafl'ect the size but not,

the shape of llw holh)w. These quantities (,nl(,r

(tidy into the definition of rt,, whi('h will I)(, showl)

in tim next s('t'tion 1o repr(,s(,nt tit(, distant'(, of

ill(, apex of th(, hollow from Ill,, till)oh' singularity

for th(, special case in w]li('h k is zero.

The right-hand side of (,qualion (13) is equal lo

COS I// ltll([ is th(,r(,for(, positive (,verywh(,r(, on the

surface of the hollow. The sign (if tilt, quantity

within ill(' l)av(,nlh(,st,s ill the h,ft-hand side may

It(, posiliv(, or negaliv(,, how(,v(,r, (](,l)(,ntling ui)on

whether Ill(, ('omponenl of Ill(, l)(,rnmn(,nl nlagn(,li(_
lit'hI thai lies ill (hi' surface of Ill(' holh)w is ol'i(,nt(,(1

ill Ill(' gt,m,ral dir(wtion of (h,cr(,asing or in('reasing
0. It is (,rid(m( that both (',s(,s t)ccur ill tht, (h'-
sired st)lution.

SOLUTION FOR MERIDIAN PLANE CONTAININ(; DIPOLE AXIS

AND SUN-EAI{'I'll LINE

Th(, solution of equation (13) apl)(,ars to I)(, a
('()Inplex problem, bm great simp]ificatio)l o('('tu's
if nt(('n(io)) is (,onlin(,(l to lilt' (h, tt,rnfilm(io)) of tit(,

tract, of tilt, l)<)l)n(htry of th(' h()lh)w in lilt, m(,ri(lian

l)lan(, ('onlaining tile dipole axis antl the sun-(,arth

lint,, that is, (h(, l)hm(' uh)ng v<hi('h _ =r,,'2.

Alot)_ this l)hl)It' (),'/0_ vanishes l)v reason ()f

symmetry and ('(Itm(i°n (l 3) t't'tlut't,s Ill

0:,'(,,,,0+ o'/,:+'"'+0) ,,,,0,.+,,,,,(±;1
0 sill X-- l ¢/p F

P dO LC°S

())', st)lying for dp/dO, 1o

tlp
+lO_(p tan O)

(15)

pa[('(lS X sill( q: 7r/'2)--('()t 0 sill X] _- _ ) (1 6)7q(,t,s x si.( ± +/2)÷(.,l Osin x]±

whtw(, the s(,ns(, of tlt(' plus nlltl nlinus si/ns h+is

l)(,(,ll relain('({ 1<) It(' the sam(, as ill t,(luati()ll (13)

t)y writing silt (±7,-/2) ill the right-hand m(,nlb(,rs.

This rt'sult agr('('s with that given l)y BeaM for

k--0 for _--rrl2. I( ditr(,rs, howt, v(,r, in tilt'
()v(,rgd] sign of lhe righl-hnnd st(h, fr<)In tilt,

(",)rr('sll<)ntling r(,sull illtli('a((,([ l)y lh'aM's ('qtlati())l

(36) for tilt, Sl)(,<,inl cast, ill whi(']l X--0, ,p- --rr./2,
and 0<2 _:+in th(' notation ttf lh(, l)r(,s(,)it lml)er.

It is apparcnl thai e(tUatrions (15) and (16) hav(,

tv<o families of solut ions f<)r ally given X, (h'l)('ndi))g

Ul)On Ill(' <'hole(, of th(' Ul)l)(,r or low(,r signs. It, is



I)ETERMINATION OF THE FORM (iF THE H()LI,()W IN THE S()LAI{ COI{PI_TSCUI_AR STREAM 7

vonv(,nien! for lh(' (liseussion of the solulions lo

(h'of) (lie ('()llsi,,<l(,nf use (ff (lie phls and niinu_

sign enll)loye(t io 1tits poinl and eonsid(,r Ill(' fv<o

r('li.rrillige(i families t)f sohlfioi_s llss,:)('i_((,(l wiih

the following (,(lUatioi_ (,(luiv_d(,nt (o ('(lutdion (16):

dp p:_ sin (e--X sin (±ri2)l T sin 0

dO -p p:_ cos O_X siii (i_r/2)1±'2 ('_os 0 (17)

Tht, sohilions t_i'(, giv(,n IIv

• 71="

p ?p,z(.os 0==]( (1_)

wh(,r(, /_ is an tu'bifrary consfai|l (if in((,grlltioii.

The alloy(, (,+ltlltti(lils llpl)lY for l)()(h l)ositive and

li(,ga(iv(' valu(,s for X, but it is (,onv(,)li(,n( It)

i'('sl)'i(:f alf(,ii(ioi) i)i (lie r(,in_li)i(h,r (if lh(, dis('ussi(in

(() l)osi(iv(, X. '1'h(' ('orr(,sl)(lIMing r(,sul(s f()r

n(,gtltiv(, vllhi(,s for X ('lln h(, ol)tain(,<l r(,li(lily I)v

s)'J;i;).i)i_fq.r.'.," .#'.ro.)lJ )})(, )'_,,_).l])s fO.)' a.i) _,_fli.l._.lJ l)i')sjljve

angh,.

Tht' ('valultli()i) of l_(mtlvloi If(, )i('hi('v(,d (li)'('('ilv

st)it'(, th(we is no lit)ill( ou (If(, l)oi))i(hu'v for v<hMi

lh(' <'ooi'(liti_ll('s p Itti(l 0 _l)'(' l,:n()wn front +i priori

<,<)nsi(h,t'llfio)is. Extlniinlition (if fh(, l)r(ip(u'fi(,s of

lit(' inlelzrtil (,1)t'vi,s (h, fin(,(l Iiv (,(tuliih)n (1<'4)

(lis<,lt)st,s, hov<ev(,r, (litl( ()lilt" ()tie of lh(' lililllV

lllt(,rulliiv(, solutions satisfies the ('()n(lilion ihtll

life hollow exit,ntis It filiil(, (lislltnv(, Jr(fill llle (,itrlh

hi life (lir(,(.ii()n of lb(, rain, lili([ fluff tile iltlei'tt]

(.ihii(,nsions of life holh)w htl!l'(,tl,_e sit,If(lily wilh

(liStallee (lo\vnslr(,_tni frolu the lil)('x so lhltL

(.os _1) Itl nil points. This slltl(,ni(,iil is illus-

irILte(I niosl i'('li(tily for lli(' shul)lifi(,(] f(irni (if

('(liialion (1_) lhlll ri,stlils for X I), tili(I llitil ('fist'

will 1)(, ('olisJd(,r(,(I fil'sl.

Results for X--0. Th(, sohilions _zi\'(,li I)v

('(tuation (1+) t'(,(Itl('t, for flit, (+its(, of X-{/ to

.t=: z ,o <'os 0- - llp:+ (I(.))

I)]ols of tit(' ili((,gral ('urv(,s _ti'(' sh()wn in tigur(, 2

for s(,v(,rlll values for IC II shouhl I)(, ()bs(,rv(,(l

tim( of fill the iiliegrlll (qil'V(,s, only lh(' Oil(' shown

Oil part (If) which (h,s('ril)es lhe unil (qr('h'

p=: 1 (2o)

inli,i's(,('ls the suu-('lu'ih line lit it (lislanc(, frolu fh(,

()rJTJll liial is n('Jlii('r z('I'o ]iOl' infliiJl(,. This

sollliion, wliiuh is ol)ttlin(,d frollt (,(lllalion (19)

6l)57(H) (;2 -- 2

I)\' rising fit(' nthius sigii tiinl (,(lUtiiing It" 1o zero.

is, iil('r('fol'(', (lie Oill) olt(' iliil( ('till r('pr('s('iil (lie

[Orlli (If the hollow in ih(, vi(qniiv of lh(, il[)(,x.

li is (,vhh,ni, ho\ve\_(,r, fhitl this (!lirve ('iliinol

r(,l)resenl the forni of file ]follow for _, --;,r/2

silt('(' i1 turns Itwtiy front lh(, (lil'(,(qi()n (if the

('orl)us(qihir Sll'(,tllll ov(,r life I)oh, liii(] fiiils 1()

sliiisfv Ill(, ('on(lit ion thni ('os ,d/t0.

All iltlel'eslhl_ (|evelopllielil elti(,l'S Ill Ibis l)OJlil.

sin('(, inspe(.lion of lhe inl(,Ti'lii eUl'VeS shov¢ii in

i)l/rl (t)) (if fiTur(, 2 r(,v(,a]._ ihtil lit(, only olh(,r

iill('/Zi'Itl curv(' lhtit l)ll,_s(,s ihr(lugh fhe pohil ,o : I

over fit(.' poh' lllso t'tills to satisfy the ('on(lllion thlll

('os _(). l?urlher illSl)e('ti()n of lh(, two sets ()['

hil('gl'It] ('ttl'V(',',4 l'(W('iils, ho")%t'V('l', thili ]i(q'(' is (file,

Itii(l only Olie, ini(,gl'ttl eUl'V(, (llili ('lul I)(, j()in('(I f()

lhe upp('r hltlf (fl' lhe unil ('h'('l(, ill :4()111(, ])Oilll ill

ill (lie ([tllllll'till( ill _vhi('h _- _r,2, itli(I lhil( ('x.i(,lltlS

1() infinily ili the (to'0, ii:4,1i'e:/ili (lh'('('lion _ilii

cos _<l) _il _il] l)oJnls. ]I is I])(, i))i('<_r;il vlirv(,

shown Oil i)liri (I)) of figurt' '2 for t( ;_'2 _':_ _ 1._(.)0,

lhill is_ lliitt (l('[ill(,([ l)y

:_ p:{ p:{

P('°_O_2"/Tip:_ { 1 _ I'";(J0p :_ ! l
('21)

'1'11(' lvio ('lirv('s)))('('i lit ill(' pOilii (:,i) life Ullii ('ir('le

htivhig fin itngullu' ('oor(Ihmi(, 0_, given t)v

0,.r--('t)s-l(_)(2 l':t) 1 . 1o. ;irll(hillt _ 19.
(22)

"l'hi'se i',vo ('lll'V('s fo_(,fii(,r wilh _i lhir(l ('lll'Vi'

join(,d fo the h)w(,r hid[ o1' the unil ('ir('h' in ;I

(.orr(,sl)Oli(lin _ nitillner (lelernlhte lhe Irn('e of tile

[)Ollll(hir% t)l' the holhiw ill the lll('i'](llilll ])litll(' ('Oll-

lllilihig the sun-elirlh iilil, and lhe (|il)Ole a×is f()r

lhe (.IU4(, hi whi('h 1.hest, two (iil'e('lions are perl)('n-

([i('uhtl'. A plot of the resuh is shown hi figui't, 3.

It is hui)orttilil to ol)serv(, liit/l lh(' ('tirves s('-

l(,eie,'l io _,l(,li/le Ille bOilli(lar) + o]' Ilia, )follow are

l)ortions o1' the hilegrtll ('ill'yes sh()_n in fiTur(, '2

l[Itil ])()ss('ss the l)roperty of (.rossing. l)ohlls lit

wlii('h the hii('IZl'It| ('tliW(,s ('ross ill'(' dellOl('([ tis

shi_ullir t)ohifs, find tire (|(qernlhi(,d I)v fhe ('on(|i-

lion liltif lhe lillliierttlor lilid (l(,il()iiiilllit()l' of (h(,

right-hand inenil)er of etttlitf]oli (17) vtinish Siliilii-

(lineolisiy. -%.liliough ih(, I)()silioil._ of ill(, Sili_Ziiilir

i)ohi/s tll'e (|ifl',areni for XT0, it \viii he ._(,eli in ill(,

n(,xl set'lion fhitt Ill(, in!eTi'ii| ('llrv(,s n_so('{ille(l

wilh the Sili_iillii" pohlis (.Olil]llll(, fo l)[llv lilt
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allah)gous role in the (h'tet'lt_ination of tile solu-

tion, although _ltn,,dific.tion ent ors _,,hen x exceeds
It ('Oi"t;t[II Vii]lit'.

The l)ohlts at ,,,,lti(.h the fr(nll and rear i)ol'thms

of tilt' boundary join are als. of l)arti(.u]ar signili-

CatlCe. '['hc' s('gnl(,nts of tit(, t)oundary (in opposite
sides of ttlese t)oints arise nu_thennaticalJv from

SMllti<)ns o1' e(ltmtion (17) '+,ith alternate ch()i<'e

-f upl)cr and lov,,,r signs. I'hv+,i<'allv tilts sittm-

lion indicates, COllsi(lering Ill(, relation Itelween

ill(' r(_[e of ILL(' si_llS in t,ttllations _15) and (1T),

that the nutgncth, liehl lilWS, alld ilcn(.e also 1he
currents in the <'urrent sheath, nrc directe(| in

t)l)l)ositc directions at l)ohlts on the I)oundar',- on

the t_<> sides t)l' these points. These points thus

rorrcsl)ond to the neutral p<)itns at x_IIi<'h the

nlti_n<'ti<' lines deiining thc l)oun(lnry of the hot-

l<)xx tn('et, ttlrn abrul)tly, tint] <'._:t('IL(| to the earth.

The intersc(.tiOll t)f these lines anti tilt' earth's

surface <lelines a ])air t)[' is</lated ])<)[llts ill the

vicinity of the geontngneti<, t)tdes through which

pass all tht, field lines Ill+it lit' in and (Mini, the

boundary <if till* hollow. These l)oints are <if

special sight[it+lice t)e('at]se they _h,l+ht(' lhe get)-

t.O0 -

graphical areas into whMi ('hargetl ])articles
initially tral)l)t,<l in tilt, vMnitv of lhe ].dlow c;in

l)recil:,ilat e.

An ilnl)orlailt prolierty of lit<, l)oui.lary at the

neutral points is lost in the present soluti<)llS as

a <'onse<Itt<,I+t'e or the introd'u('tion of lhe al)l)roxi-

station that 11+ is t,tltml to 2/* liIIWS the t+tngcntia|

(+Olnl)t)ntql| or th(' liernlaztt,iH I|t+tgll(,ti(' [Md.

It is th:It cos _ IIJUSt vanish +It the lwutl'al points.
Th+tt this <'ondition Jnusl +t])l)l.'+ t'ollov,s fronl

<'onsi(h,ration o1' eqtmti()l_ (1) together with the

('act that exact solutions <If l,tltmtio]_ (2) and the

slated b<)Ul.lary contlitions ttlUSt iI_<licate z('ro

IM(I strength tit a l)<>illt of liiftJr('4ti<in <it' fiehl

lines su(']l +is OCClil'S at a neutral point. The

in+d)ilily of the liresenl results to display this

F,ropt'rty ch,arlv represenls +it least a local rMh..e

of the al)l)roxiluation. It is al+ti<.it)ated , on Ihe

basis of c<,tt_parisons <if exa<'t and at:,t)r<txinmte

solutions of the c<)rreslJ<)l.lil_g lv,'o-<linl<msiolml

I>rot)le]n shown subst*quently herein, that the

effects of this ['ailure or the Ul)liroxintate solutions

al'e not gh>Ml in <'hara('lt,r, bt]t are ('onfint,t] es-
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2, t • - i___p,_in e : m T

0 3 p5 .-

T? mar

I- t "X_- Upper neutral i

o'+

_ 0<_ ' Mp Fr0

-I i _"'Lower neutro)

/ pomf

COS8 = 3 p5 _ Lower singular
f

2 2/5 ,o3+1_ ,0o,nt

---p s[n_ CO

-2 +_ o i
# sin 8

]"h(n'_{),: 3. F(u'nl of lhv bound:_ry ()f lhe ].))low h) Ihr

meridi:u_ I)hUt(' ('mn:dtdn_ ('n(,dil)oh_:_xi,_ :n_d _he >un-

(,:u'lhline; X (I.

st, nli_lll+v to ,_m_dl rt,_ions in I1., iJnm('dint(,
vi('init.v of the m,ulr_tl points.

It is ('vi(h'll( from the t'ori,voing results tirol lhe

I'orm of lh(, holhrw is ind(.l)en(l(,nl of the wdu(,s
for the v(,h)('itv . .nd numh(,r (lensilv J_ of the

vO]'l)US<qdnr slrenm, t)ul llml I))(' sJz(' d('l)('n(ls on

the.,-+(,(lUnnlili<,sthrough the t)_tr_tm(,t(,r ru d(,fin('d

h) ('(tu:tlion (12). Th(, reh_tiott ht,tween the,,+('

<lunntili('s i_ illuslrnled in figure 4 for two, r(,1)re-
selfl_+.tive vnhle: rot .f, nnm(,ly 1 _ln<t 3/'4. ('Oll-

sidertthlt, un('(,rtnhttv exists nt tlt(, l)rt,st, nl thn(,

in tim ,'-;el('vlh))) of +£pl)rOl)rint(, v+llu(,s for /' :ln(I

n, hut vnlue,'< I]'('(tu('ntlv qtlott+d +trt' in the rnng(,

I'rom 300 to 1500 I,:m,,'s(,(' for r, ;tnd 1 to 100 or

mot'(' for +',+. .A r('/)r('s('nlulivu :,4(,t of v+lltl('s for

r, +,', nnd .f nrt, 50fl I.:m,,'st,r, ltt, _lll<t I, for whid+

it ('rill l)(, s(,(,ll ri'Ot|t ligtll'('s 3 tttld 4 thnt the Initl-
imum dish, n<'(, to the l><mt)(/ary is :t/)ou( 7.6

(,firth rndii. A l)tOt ()I+ tlm Ul)l)er half of the

houtl(htry of the hollow is :hown for thi.,+ ('nst, +It

tigu)'(, 5.

Al:o shown in tigur(, 5 +tr(, the <'ort't,M)tmding

rt,,,.mll.-+ it_(li('_t(,d hy R(,,rd in r(,l'er(,m,(, _. Th(,

(wo r(,sulls a_zr('(' over (h(, (,ir(.uhtr l)Ortion of (h(,

hout+d_wy tl(,+tr(,st I lle sun, hut not over t h(, l)ort hm

of th(' hotm(h_rv (,xlen(ling frolll infinity on tlm

)tivh( :i(h, to ), (,olntitt)(h, oF I(,).I ° ()n tlt(, day si(h,.

B(,ar(/ Ires informed (h(, l)r(,._(,n( authors l)riwfl(,ly
thn.l (h(,s(, (liff(,r(,n('(,s r(,:ull from th(, l'n('t thal lh(,

l)rt,_(,nt _tuthors ha,'.+e th(,ir _n.lvsison (h(, _tl)l)rOXi-
m_ttion given hy ('(itudion (_) n( rill l><)inl,'-+()n lh(,

l)oll))(hlrv wh(,l'(,n,'-; ])(, |Is(,s +H)()(])('J)" ))l)l))'().xhn41Jo))

in the vi('initv or tlt(, l)oi)fl.,.+()v(,r lh(, l)oh,:.+.

Results for arbitrary X. Tht' (,v_)ltmli<m ()f

the i))((.gt'_t(iot)<'()))st.nl IC (<) l)(, u..+(,d in (,qtt_t(ion

(1<_) 1o (h,t(,rmi)m the hou)_(h_ry of lh(, holh)w

for ,rhitr_t'v X r(,(luir(,s ('o))si(h,rath)n of th(,

uoor(li)tu((,,_ ,o,,_)_n(l_ of (h(, si_)guhu' l)oin(,'-+ of

('(Itmtion (17). They nr(,(h,t(,rJnim,(l l)y (,(itmtit_g
lh(, nttnH,rtttor nn(l <h,non)in.tot' oi' lh(, righi-hat)(l

m(,ml)(,r of (,(lira(ion (17) to z(,ro nn(I solving the

lwo I'('stdti)_g alg(,l)r,i(' (,(itmlions sitntd(nm,ouslv.

This l)ro('(,(ltn'(, h'u(Is (lir(,('tlv lo tlt(, r(,httiot_

tnn 0+-+2 inn [O+_--X+in ( +++r/'2)] ::0 (2:_)

i0

o

,o

5 _. __LOO

oL "°
tO0 500 JO_O0

FI(+I'RI_ -|.

v, km/sec

Vtdu('+ for r. rot V;ll'i()ll_ v(,l()('il i(,> :tll(IIltllll_:)t_t'

(h,n:iti(".< ()f t he c())'l)U+ct£lar +t r(,ttun.
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IO

whMl can bt, solv(,d i() vM<l ill(, following exl)r(,s-

_i_)ll rol' Ill(, _lll_llhil' ('t)(H'(lilla{(,_ of Ill(, singHl0.r

i)()illl_:

)] ,,,,,"?,)_ (1 I _ 9Inn:2: ('.(It X _ilI ( T ±
t ,tl II 0>: J 0 ,

(24)

Th(' ass(wialod eXl)r(,ssi(m for llw radial ('oor(li-

IIn(('_ Of Ih(, Sillgil].{II" pl)illtS l'()lh)w+ ilnlil0lliall,l.v

)tll(l is

o.,' [12(V(+osX--,_9--siti2X)]l:+ ('25)

with (lit, ,t':mvt,n(io]l rcgaMing (h(, tI_t, or the Ul>l)(,r

un(l lowt,r signs in equations (24) and (25) r(.-

muining It., s.mt, .s for equations 17) and (lN).

There are ihus two singularitios ill the l'rmlihalf
l)lalw for wlfi<'h + +r/2 and t',v() in (he reur half

plane rot v<hM1 ,p -- _-/2.

It is of iN(crest to ('Xalltili(' tit(' al)l)roxililat(,

eXlm'ssi,ms for tilt, ('oordimli(,_ thai are ol)tai]wd

for +,.;|hall k. evt,ti th()ugh the (,x+t('i OXl)i'ossions are
usc(I in the <'al('ulation of the mnnori(+al ]'(,stills 1o

I)(' l)r(,senle:l sut)s(,(luently her(,in. Tht,y :It(, Its

follows ror the two singularities situated hl (he
fro]it half pl+tm,:

tlll(i

P r. X M'
_._,..=,2+:( p.,.F= I +1_ (2u)

2x ='>l :+( l-- (27)0'+l'_ 3 " P>;u -

Tht, sul)s('ril)tS F +llHI l* refer to th(, sitlgulariti(,s

asso('iltte(I with the front and Ui)l)er rear portions

of (he |)Olllllll|l'.V, r(,sl)(,('tively. The vorrest)on(ling

Oxl)r,+'ssions for the rolllaillilLg sin,gularilit,s situai(,(I

in th,,, rt,ar half l)hme liFO

itll(]

,,,++_. p,++= \ (,2<';)

_- X X2
0:,..,,+= 2 --3' P:",z= I 4--1S (29)

Tht+ sttl).'.+('t'il)t L r(,f(,rs lothe singularity Itss<wi_tt(,d

with the h)x',,(q' t'l,til' l)ortion of the t)oun(l+lry

Oli(l 'tit(' SU})S(Tipt ]t ) l'('fl'l'S it) it singuhtritv that

has l)hysi('a] nq(.nnillff only if th(, dir(,+'ti<m or the
i]M(h,nt stream is r(,v(,rs(,d.

'I'll(, vahl(,S for I(_ associated with th(, integral
curves that pass through the singular points can

t)(, d(,t(.rmint.d front the g(,m,ral sohttioti gi,,'(,tl t)v

(,(ill.nit(In (in) ut)on slit)siituli(m of Os and ,o.,.:I'or
0 and p, thus

[ ('+)] ,K.+ p+ cos O,+--h sin __,) -Y ,('.s 0_. (30)

A somowhal simph,r r(.lalion thai (to(,s not

('Xlfli('itly involve X can t)e ot)taim,d hy .()rot)tim-

lion witl_ the equation ot)tained l)v oquating tllo

(len()mimlt()r or ellttation (17) to z(,t'(), and itltt'()-
du('ing a similar sttl)stittiti())i for 0 and p. Th(,

r(.sulting (,xpr(,ssions ['()r the valti<,s f()r I(+ for

th(, thr(,(, singulnr l)()ints of intcr(,_t ar(,

3 vos OsF 3 ('os 0._+,
Kq,_,.:-- + , K.,+,._: ,, ,

P"%," P .'++t'

;_ ('(IS OSL

/_',,+_- :+ (31 )
• P "¢1•

A list of valu(,s for 0,+, p.+, and IC,+ f(w various h is

giv('tl iN tal)l(' I. Th(' valtt('s |'(It+ 0.,_un<l X are

giv(,n in dl,gr(,(,s.
Ftu'ther disvussion or the solution is fiiviliiated

by inspoclion or lti(, lwo set:.+ of iulofrll] cui'v(,g

defined t>v (qluation (Ix) shtiwn in tigui'o (i ror
It|i, spocilil ciiso in whivh X is 30°. Tho (,lll-Vt,+

ilssociltt(,d with the lipper signs of (,quation (lX)

art, sh()wll hi part (It), lllld those iisso('inted with

lilt, lower signs til'O in l)lti'l (t)) 'l'ho h-willion:.; of
111(, four siiiglllilr points are indicaled on llio

('tll'V(,S and their siffnitioaneo its points wiloi'o lhe
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2

(a) p (_()s [0 x

I

i

(b)

L
2 J

2

intogral <.urve_ (.ross is al>l)+_r(,,l. Th<, lira,

des('rib(,d l)y equaling 0 to 0,_t,_ll_(lq% has _t(hlit iotml

sig, ili<'arw(, sine(, MI th(, inl<,gr,] em'v(,s, (,x('ept

those shown on fig'ur(, 6(t) thai pass through

the upper +ln(I lmv<,v singul,r poinl,,+, +_re l>+lrM]el
to the dire('tion <if the ('orpus<'uhtr ,'-:.tt'o_llti :It |lie

point wit(we 1hey inl/,rse('l this lira,. This rosult

('an tie eslM)lished analvli('ally from (.onsider-

ntion of eqmtlions (17) mM (l+h) loffelher with

the folhtwinF r(,l,liotl, whi('h is O(lUav_lh'nl to

('os ¢_-- 0,

dIp ('os 10--X_Sin (2rr/2)]! = 0 (32)
dO

A thtsh(,d line indi(mtiug the h)eus (it' the points

defined by 0-_0_ v mtd 0_0_ L is th(,rt,l'or(, in('htdt,d

in |)()lit paris of ti_uro 6.
The s(,h,('tion of th(, al)l)rol)riat(, intogral <'urves

to repr(,sent the boundary of the holh)w i)ro('ee(ls

il_ ft IO__tttllel' lltttl is ('Oml)hqt,ly ana]o_ous 1o that

described in the l)re('e(ling section for lit(, ('ase

in whi('h X 0. 'l'tms, of all the int(,_rM (,urv(,s,

oMy tit(, one shown on part (a) lhut passes

lhl'oufflt tit(' I'ronl ,,+ingulm' point _md Ires tho

vahlt, Ks+, for I( v2tn lie used I() rel)r(,s(,nl lit(,

b<mn(hivy of th<, h<)llow in th(, vicinity of lit<, +q;,ex+
It is evident, however, thM this ('ill'V(' Vttttlt<)l

v(,I)rO,'.+ont tim form of tho ontiro hollow sin('o it

turns away I'rom lit(, dire(.tion of Ih(, ('(',rl)usvular
stratum +ttt(l f'+lil.'-; to s+tti,,.+l'v the <,ondilion th+tt

cos "¢,_<0 sit stations farther l'rom lit(, sun than tho

line (h'fin('d |iv 0-_O,s,. +tnd 0_0,%. Tit(, t'(,ttlttittd(,l'

of lit(, l)otm(lar.v mus! ther(,for<, b(, vonstrtl(.tod

from porli<)tn,.; of the integrM ('urves shown on

figure 6(I)). Examination or these resu]ts rev<,als,

how(,vcr, tlmt tlt(, int(,grM ('urves whi(.h <'+in lie

join(,d +tl tho points wher(, cos _-0 to the ('urw,

d<,seril)inff the f<wel)art of tho holh)w m, ither

extend to infinity in tlt(, d()wnstr(,am dire(.tion

nor sMisf.v the ('ondition that ('os _0 ili the

region of intet'(,st.Ftwtht,r examinali<)n r(,v<mls
ttmt lh(,re is one and only ()lit, pair of integral
('m'vos that salisfi(,s these <'on(tition_ _m(t that

(ran bo joined to tit(, ('urve repr(,senting lilt, for(,l)art

or tlt(, holh)w anywhere tal)str(,an_ of tlt(, points

at whi<'h (.os ,d, 0. I! is th(, Imir of inlt,grul
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2;" ...... X_5"

t_

-I OO Neutrol poinl

i

0 o

5 °

oo Neutral point

T

O0 Neutral point

o,

('urv(,s having v;_hl(,s for K ()1' l_._u and K_, that

[)._Ls.,:..1[[irollgh {]1(. Hpl)(q' _111(|lower sillgllhl]' l)oinis.

'f'hesc thr(,{, s,.,g]n.,.,uts ,{)f inlegr_ll (0111"v(,s thlIS

d(,tim, the, t]'=l('(, of th(, t)oun(l_=rv ,)f (h(. hollow

in tlm u,,(_ridi_m plan(, ,:'oilt_Liniag tim dil)_)l,_' _xis
alld th(, sul_-(,_rth lira, for lh(, ('_s_, in whi(.h X= _;_()°.

t() ('_d,'uhit(, lh(, f,)rm _)1' th(, |)oun(t_lry of the
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:Neutral poinl

_0

15 2/0. v

x/a v=500 km/sec

n = I0 protons/era 5

f=l

t_'ldlltl.: D. l'_c, un(l.:t, ry of the holh)w in tim e(ltmh)ri:tl

|)htn(! and tim tneridi:m l)hme cont:tinin_ lhe (lil)ofe 'txis

and the sun-e'u'th line; X :: O.
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A sllorl table of values rot)rosol]ling the sohlii¢ln

has Iw,,n given by Belu'd in reference S. A more
extensive lame of values has been deternlined by

till, present authors and iui abridged list of the

results is given in tllbh, 1V. Tile eillmlltltions
wl,re performed with an IBM 704 eh, ctroni<'

conlputer using the fixed ilwre]llenl, fourth-order

Adan_s-.Xloultoli lliel hod roger Iwr with i h{, Ru ngc-

l{ut ia method to start the eah'uhltiol_ at the apex

of the h.llow. The l'esults were cah'ublted using

half-degree im'reJmqtts in ¢, although only the

results for 5 ° intervals llre provided in table IV.

These imd tile preceding resulls I'or the case in
which X 0 are illustrated in graphical form in

figure t) for the r(,I)resentative (,on(litions defined

lly vahios for r, n, lind tot 500 kin/set'. 10 protons/

t.lli :_, lind 1.

TWO.DIMENSIONAL PROBLEM

DERIVATION OF APPROXIMATE DIFFERENTIAL E(IIIA'I'ION

FOR THE ¢'OORI)iNATE:4 OF THE BOUNDARY OF THE HOLLOW

(%nsi(hw n()w the ('ounl(q'l)lil't in two (liniensions

of the l)i'(llilenl di,_(uissed in ihl, l)reee(ling secliOilS

of lifts I)ltl)(U'. Alth(lugh it wouhl be soillewhil, l

llIOl'(' llllt ill'ill Ill ('xpFoss [ lit' [lill(lltlllOlltal ('qUill iOll._

ill li polar eoordinalo svslelii, ltie silht,riclil nnd

('lirleSiliii eoordinliie syslenis ilhisiraied ill [[g'lll'O 1

ill't, I'otiiiiit, il to flieililiile i'Oll)t)lirisolis. Allonlion

is Ihiis Collliilt,d It) vil]ll[+_ fol'0 between 0 iillll 7r,

and the nolliliOli sili(_ _r,,'2) is ilSed 1o indi<'ili<, itie

desired hlt]l' plane in lho Sillllp llltlllll(,l' Iis in lhe

three-dinlt, llSiOllitl l)rt)l)iein. The t'ulldiiliil,lllul re-

lilliOliS ill'l, still given 1)v eqtltiliOliS (1) alid (9)

and the associated I)oinidliry colidilions, bill all

quantities ill'l, required lo lie ilivilriani wilh

ehltligo_ in x.

l_]qilnlioli (3) for the l)erliianeill lilitgneli(' field

is lhlls rel)lill'e([ t)v (,(tllliti()ll (4), ltllll the ('olnl)o-

lit,ill thereof thlll lios in tho sllrt'lil'o of the hollow

is grivlul liy

]J • H,,.., -- (b'M,,,]/21 Isin 0+ (l/,')(,h':',/0) ,,,>s 0} (?;51

('onll)initiion of this I'esult witli ihe fundliinenial

al)proxinlah, rl, llltions given |)y Pqlllllions (1) illlll

(,R) lind introdul'tion of the dinlensionh,ss radius

P2 _ !/Io 2 "lV]l('l'O

{ 4f"M,,,, '_"_,. (4P'[l.o' "_'"
"°_=t.l,i_-..,),.) =" \ 1(-_,,,;_i,v (:_)

lea(Is 1o the following differenlilll e(lulilion for ihe

shape ()f' ihe Sul'fil('o of ltie hollow:

= I (si. I ,fo ,,<,s01o+p., dop2 2

--('OS 0 sill X_=sin 0 ('os X sin 4- )

(=) ]--0_ d0 ('os0('osXsin .±12 -I-sln0sinX (37)

The signilh'luwe of lhc lihernalive signs is the

Slillip its discussed following eqlllttiOllS (11_) lind

(141,

SOLUTION FOR TWO-DIMENNIONAL PROIILEM

As in ltio i hree-(tiniensional t)l'ol)h,ni, it is (.Oli-

venienl for lhl, discussion of lit(, sohllions io dro 1)

lhe collsislont uso of l)his ltlid nlinus signs Pill-

Ifloyed io lhis point and consider tho lwo flmlilies

of solutions llss()eillll,(t with lhe following Oqliliiion

equivalent h)oqualion (37);

do2 p>2 Sill 10--X sin (_7r,,/2)] T sin 0

dO - =p ,2 ,, -p,," ('os 10-- X siii (:k v2)l± (':'s 0
(3 s)

Thl. sohllions are given t)y

[ ( -17-,P2 cc)s 0 Xsin -2 2 r-p_ cos 0 I'( CV, i)

where l{ is lin arbilrary v(izisttlnl of inlogl'alion,

iiild llie sign coiiVellliOli is the sluiie Its thai,

described previously in COlilieelioii with equations

(171 lllld (l_). The ev,'l, hialion of K for the

('IlFVOS defining the I)OlIlI(tt;DFy of the hollow l'(_qllil'os

considei'alion of the singular l)oinls in it. lilli.llilOf

Ii.nlllogous to liili.l eliil)lOyed for ihe throe-dinien-

_iolut.] l)rot)leni.

Results for X-=0. The sohllions viven t)y

e(tuali(lll (39) redttce for the case of X 0 to

A_'p2 2
,{"2_--P2 (!OS 0= (40)

Plots of the integral i'ui'ves are shown in figliro 10
for sovorM vll,|ties for K. Exluilinlttioli o1" t,ht,se

Ctlrvi's reveals, for the Slllilt, rPllSOllS its in the

three-diniensional probieni, lha.t ilio (h,sirod sohi-

tioll is (h,scribo(I tiy llio tiliil t'ir('h,

p2_-I (41)
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(b)

--V T

0

P2 sin 8

i
I

2

-P2sin 0 _ oo _

p2cos_ : _

w

Oi Sun- earth line MPz

2p2z /

/ -

2

Upper singular andj

// neutral points ,
/

P2 : I i

Front .//t

singular" /

x _

"',Lower singular on_I
" neutral poin_s I

o

P2 sin 8

FI_ql;Rl_: II. Form of the boundary (ff the h(dlow in the

!'xo-dimensioh:t] pr(_t)h,m; _. I).

for the region (|efin(,d I)y _:7r2, end hy

2pf
_=p2 cos O= ip2 _ + 1 (142)

fi)r 1he region d(,fined by ¢,= _-2. Th, curves

r('present('d by (,(tualions (41) mid (42) nn'el, of

('ours(', at, th(' n(,utr_tl points (tir(,(,tly ov_,r t h('

poh's, and d(,t(,rnfitu_ the fi)rtu f<)r the t)otm(htry of
rh,, hollow illus(rat,(,d i, figur(, 1I. This r(,sul{

h_._ })(,t,t_ (h,trrmim,d i,d(,p(,nd(,_tly by tlt_rhLv
(r('r.10).

Although the form or the hollow is _z(m('ra|ly

simihH' it( tit(, tv¢o- _tt_([ thr(,e-dim(,t_iotud I)rob-

h,m*, it _houl(I he ol)s(,t'ved thut the' six(, of the'

hollow is tnu('tl hu'g(,r it( the two-(timensiomd proh-

h,m. lns(,rtio_) it)to e(itt+dit)n 36) of the mmH'
values thul lea([ to __ v_t|lle for r.,/a o[ 7.6 in the

threc-din,ensiomd l)rohh'm lea(Is to _ vulu(, for
Oro2/a or ,().s in the tvvo-dim(,t_sional l)rol)h,ln. Tlw

size of the hollow is _dso more s(,nsitiv(, lo v_tt'i_-

(ions in the va]ues se]e('te(l rot j in th(' l-_vo-dit.(,t_-

siomtl problem. For (,x,ntph,, _trl)itr_wy _(,lt,t'-
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lion (if 0.75 forf _ouhl redu('e the vahies for ,"0/a,

nnd r,,_:_t by nbout 9 nnd 13 pev('ent, r('sperliv(,ly.

Results for arbitrary it. -Tile ('oordinntes m._

nn,{ 0_ of tile singulnr point,s required for the

ev_lhmtion of the integr_tlion ,'onstnnt K in

e(luntion (;L0) nre (h,lern/ined by eqmdiilg the

nulnerntor nmt denoniinntor of the righi-lmml

Ilieliit)er of elltliliiOli (,:IS) to zero, iln(l solving the

two i'esulihlg li|gel)i'llic equlltions shnu|llineousl3.

"l'his I)rlu'l'dure lellds lo lhe folh)whl 7 rehiiion_

lll.li 0,4-I till| 10.<-x si,i (±_/2)i -() (4a)

p2,.-- 1 (44)

E,iuniiolL t4a) rnn I>e solved to yield exl)li('it ('x-

l)ressions for lhe angular cooMin_lies of ihe singu-

hir poinis. Two singular t)oiiiis hnving ('oor([ilmies

given I)x'

0%._ 2-F 2' 0._. --,2 (45)

lil'l' hi lhe half i)hine [leline, l liv _ wi'2, lilll[ tWO

hilving ('oordinllles t_.iven tiv

a
• 2 sa _7r.,2__,2 (46)

l/r,' in lhe liilll' 1)hine deihied by ¢-- -_'/2. The

rallies for _" asso('iate(l with lhe integral rtir'¢es

lhlll l)llss lin'ou_h lhe lhree Mnguhlr l)OilllS of in-

i('resl ili file fol]owhig (tiSl'llSSioit lll'e giVell in

lernls of lhe ('oor(iinllles of the Siligllhlr t)Oilils liv

('OS Os F

P2._ F

2 (',iS 0s U

P2x V

2 ('os Os:,
_lt'..qL

P2.U L

O1', lilOl'e explicitly, liv

x
It',, v 2 cos 2'

(47)

X
[(SF 2 sin O'

x
A'._j, --'2 ,'os :2 (4s)

The uoor(linnles llf the four singuhir poinls of

e(tulllion (3g) ltlii[ of l|ie lv¢o sets of ililegl'it| ('tll'VeS

defined by e(tllltlioli (39) li.l'(' illustrllled in figure 12

for the Sl),,,'htl ('Itse in whi('h X is 30 °. The lines

defined liy 0--0_ U tilill 0--q,_l. lit'e also in('hided Oll

lhese l)hils, shlee ('onsideraiions il[('nli('li] to lhose

des('riti,,d hi ('Olllle('lioli wiih e(llllitiOll (32) i'eveli[

l.tull ihev nl'e ligllhi the hi('iis of 1)oinls Ill whi('h

the hilegl'lll ('lll'Vl,S _tl'e l)lirlilh,l to tile dire(.tion of

lhe ('orpus(qihtr sti'(,lllii. The ('ill'yes of i)lu'i (b)

lhiil l)liss ttirOllgh the upper ltlid lower singlliltr

t)OililS reniiiill ex('eptiolis, however.

Exluninlllion of lhe (!lll'VeS shown (ill _itZiil'e |7

I'eV(,lils, for the Sllllle l'eitSOli it_ hi the three-dhnen-

sionnl l)rot)h,in, llinl tiu' (tesir(,d sohllion for l|ie

fr(int piu'l of tile t),)undlirv is provided by lhe

inlegrltl ('urve froni l)llrl (It) define,| t)v /_'=/t_%..

Ttie ilit(,gl'lil (:Ill'Yes fl'Olll plirl (t)) defined by

tq--I£,<,, ltll(| K IGz, pass ihrmigh the upper lliid

lower Siligli]lir poililS |ill(| represent tile ('Ollliter-

[)lirl of lhe ('ill'Ves seh'eled Io represeiil ltle ilp|)er

nil(| lower re|u" porliolis of llie I)Olil/(llll'V ['or l[ie

I[Iree-dinlensiollil| ('lise for X less llillli X¢,--3;5.6 ° .

_ohilion of lile alipl'opriille pliirs of fornis of equli-

lions (39) lui(| (4g) shows flint Ill(, ('ill'yes througti

file Ul)l)er tind hiwer shiguhir t)oiiils ililei_e('l the

('ill're i'epreseillhl 7 the frolil plirl of |tie I)olindltrv

_lI the ])oinls

1
O-- O, pe (4(,))

,!(is (X/2)--sin iX/2)

ltllll

1
O= _-, p:_ (50),,,,: Cx,,2),_i,i (x,_

Since the llllter of tliese is on lhe sunward shh, of

the hivcer shigulllr i)oint, the ('onditi(ni ros _b__0 is

snlisfied nnd lhe hitegrlll ('lll'Ve tlu'ough lhe lower

singular poinl i'epresenls iI I)orthin of lhe I)oun(llirv

oflheholhiw. ()niheolherhand, lheut)perinter-

se('lioli l)oinl iil(ti('Itl(,(I by e(ttltltiOli (49) is flu'ther

froni the Still tiian liie upper singular poinl in-

di,'nted liv e(tultlion (45). It follows ihlil the

inlegrli[ ('ill're throiiTh the ui)l)er singuhu' ])ohil

elili liol tie used l() rpi)l',,selll n I)()i'liilli of lhe

t)otlndiu'v or the hoihiw, ])('(*iiilse lhe ('olidilion

|'(is d/<0 is viohiied nlong lhe frolil i)orth)n of the

I)()llndl/ry for 0 between 0 Itli(] X/'2. The desired

sotulion elili lie ol)lliine, I, howi,vl,r, by folioWilig

lhe l)rol*t,dtlr( , des('ril)ed for tile three-diinelishina]

ln'ol)[ein for it _l'ellter thlin X(.,, lhlil is, t)3 johlhi 7

all hitegl'll[ ('Ill'V,, frolii figure 1'2(1)) Io tile ililegl'i,]

('tii've l'epr(,senlilig |he frolil pnrl of lhe t)Olili(|lirv

al the i)oinl where 0=0s_, The ('Ul'Ves repl'esenl-

ing t)olh lhe fronl liil(l the illili(,l' i'(,lll' ])(irlions (if

the ])Oillidal'V _il',' t)ni'lilh,l 1() llil, dire('lion (if lhe

('orp/ISeuhlr _,ll'elilli ill Itl(, l)oinl wliel'e |hey lil','

joined ||lid lhe ('on(iition ('os _() is snlisfied ill

all l)oinls Oll lhe I)ounlillrv. Tile til)pr()i)rilile

value for [_" lhlil (lefiiii,s lhe ('urve for llie ill)per
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L=I.0

-I

2 2 I

rear t)()rli(m of tit(, b(miMary is (l(,sifimll(,d 1(_, arm

('au he determiu(,d by simph, substitution. It is

ATv--2 (51)

The form of the I)otmdary or the holh)w h_is

1)(,(,n ('ah'ulat(,d using (h(, pn'o('edure d(,s('ril)(,d
:lt)o':e for sev(,rM ditt'erenl va|u(,s for k ranging
from 0° 1o 45 °. The results are l_huh_l(,d i,

lal)h,s V aud VI, and an abridged series of plot:

showintz the shal)(' of the t)otmdary rot X 0 °,
15 °, 30 ° , nnd 45 ° is l)res(,nt(,(l iu figure 1;{. It

should t)e ot)serv(,(I that lh(, seal(,s employed 1o

I)1ol the results nr(, l)rOl)ortiomd io l'_/='p, rather

than p2 alou(, so as Io fa('ilitale ('Oml)arison in th(,
next s(,(.lion with th(, n,sulls iu(li('ah,d t)v the

exa('t solutiou in whMa the t'aeh)rf(h)es m)t al)l)('ar.
Results are shown for each k for two (lifl'(,rent

wdu(,s rorf, llw, t is, for/ eqmd m_ily, and for f

(,qua[ to (he l)arti('ular VII. hl(' IIO('PSSlt]')" I'OI' th('

approximal(, so|ulion io a_r(,(, with (h(, (,xa(q
solution at lhe fi'ont siuguh/r l)oinl. The hitler

vllhlo is 'VPl'V 11(,Ii11'1",, Ii ('()ii_llll}| hM(,l)en(h,tll of k,

Val'vhlg only from 0.9125 to ().91;{3 as h varies

from 0 ° Io 45 °. 11 va)) I)e seen h'om vomt)ariso)_

with the results showll on tigur(,s :L 7, aim S

that lh(' sMp(' of lhe hollow is g(,)i('rnlly ,_ilifihl)'

i)i the two- aim thr(,(,-dini(,ilsiomd l)robh,ni_. As

noi(,(l in the l)r('('(,(ling s(,('tiou, howev(,r, (liff(,r-
(,ll(!(,,q l)(,tvveen lh(, re)finalizing (lislan('es r0 aim

% (h,fin(,d by equations (12) and (36) 'ire such

thld the size of Ill(, ]iollow asso('i_ited with a giv(u)

set of vMu(,s for _,, _, aml ll.(, is imi('h gr(,aler

iu (h(, (wo-(lini(,il,_io)lal l)robh,ln.

COMPARISON WITH EXACT ,NOLUTION

i lll(';t,"4tll'(' 01' the llc(,llrll('v o[ the at)l)i'oxinlat(,

i'(',_tllls i)r(,s(,nI(,(l in lhe ])re('(,(lhig s(,('tions ('rill

tie ol)tahl('(I t)v ('oniplu'ison whh l li(' ('orrl'sl)on(iiiig

I'('Stl]lS hl(li(mlc([ [)v (lie (,xll(q _O]llli()n of (lie lwo-
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FI(;(rRv: |4. View ()f (.t)orttimd(, sy:.l(.nl az_d t)rimdt):d

svnd:)ol,,< used in (,x:t(q _oluti()n })y Zhi_,ul(,v :it.| ](omi-

:.dwv.,<kii (ref. 5;).

conditions. They diff('r in thai (h(,s(' c(tuaii(ms

are so|v('(l (,xat'tly rath('r (hart lhrough th(' intro-
(lu(qion or (h(' al)l)roximation thai If, is (,gual (o

2f tim('s lh(' hlng'(,ntia] (.ompon(,tll of (h(' p(,r-

mare,n| i.a_'n(,tic fi(,ld.
'l'h(, (,x_|('| solulioll is ol)lain(,d I>v appli(':l(ioll

of ('onformal IImpphlg (('('}mi(lU('s, al.I ('xl)r('ssions

arc I)rt'st'nt('({ ill l)aram('lri(' form rot ih(, (,oor(li-
mll(,s of the boundary of |hi, hollow. I)ung(,y

])z'(,s(,zzls r(,sulis for only Ilw (.as(, >,: 0, but

Zhiguh'v at.I t{omish(,vsMi _m(I llzzrh,y l.'('s('nt

r(,sults rot arbitrary X. TI.' r(,sulis are (,xpr(,ss(,d
in som(,whai diff(,r(,ni forms in lh(, llw(,(, papers,

but it van b(, shoxvll thai (h(,y _lr(, all (,(luivah'lli

rot the (.as(,sIo which th(,val)l)l.v.Th(' l)rcs('nt

('al('ulalion,_w('r('l)('rforIH('du:iilg(lw forIHulalioll

for the so|tltion given by Zhiguh'v a):d i{ollfish('v-

sl,:ii, sine'(' i1 w_l: (l(,sir(,d |o d(,tc,rmin(, r(,sults for

all X, and ilurl(,.v's pap(,r was not :lvailai)h' at |i.'
tim('. 'l'}.' coordinat(' s3st(,m ('mt)loyed by

Zhiguh'v and t{ol.ish('vskii is fixed witll VeSl)('('l
(o th('('orl)uscular stz'(,a.zlrather than the earth,

h(DN('V('I', l|]l(I ill(' I'('sHIIs [ol" X ({ii]'('l'(q')t from z(,ro
:lr(, or such R)vm that th(,v do i.)t h,nd (I.,izls(,lv(,:

to convenient (.ozv_(,rsion into 11., (.oordim_i(, sys-

tem (,ml)loy('d herehl. A sl.;(,t('h illustralillg the

('oor(lilmi(' svs(em ai.l l)rin('if)al .';vmhols us(,din

th(, latter l)al)tW is shov_n in figure 14.
The 7 (,()ordin:/Ics of the bc, ull(hu'y or ih(, hollow

arc given hy

7(<-:) :'2 l,
A _" 2[1 __(.os(<____)]-[-_-_ .=_,,.,,(._-- 1)

COS

(52)

W}|('I'('_ iS IL ])itl'ltll|('t('l' that ',mri(': t)(,tw(,(,n 0 )il_(I

2w; A is a, (h'finit(' ('Oll.'-:,t_lll! l'oF _llt.v givt,lt ,_ bin|

its "<aim, is not given by Ziligulcv and Romish(,v-
ski|. if attention is r(,siri('lcd 1o positive valu(,_

for _, lh(, ._ ('ooz'(lin_l(,s of the I)oun(iary are giv(,)i
bV

_,'.1 1 +('os,7--2,_- for 0_<,7<_" (53)

_,i --1--cos ¢--2_b,_- for _-<,7_<2_---_ (54)

_lll(I

_:--2_/_r f()r 2_---___7:__2r (55)_/,1 3--('os - -

()f th,' thr(,(' ('Xl)r('ssiol)s for ._, (h(' first l)rovi(h's

valu(,s (.o,'r(,Sl)Ondi)ig to th(, l'ro))t, th(, s(,('ond to
the lov<(,r roan', .,m(l (]w lhird to the Ul)l)('r r(,a)'

])()rtion ol' th(, houl.lar>. Th(, I)oin(s at whi('h (h(,
('m'\'es for ih(, l'ronl and )'(,:u' l)ortions join :it(,, of

('(mrs(,, the )i(,utrld I)Oi)Its. The ('orr('s])()n(]hlg

v_du(,s for _ _)r(, (bus 0 or _. ()I' I)arii('ular i))-

t(,)'(,st is (h(, |art that the slope UT,/,/d7()f th(' l)ou)Id-

_)"," is zero _t th(, ii(,utl'_d points. This )'(,sult,
v<hi('h (':in b(, as('(,rt,Siwd tea(lily rrom il)(, ratio or

th(, lo(.a[ ,.:dues for ,f-ftd_ _li)(l ,lTd,, in(li('at(,s that

(h(, |)ou)i(lar\' of lh(, hollo,,'< is I)ar_fll('l )o (h(, (lir(,('-

li(m of lh(, ('orl)uS('uh)r str(,am _t th(' m,uiral

points. It ro]]ows _ts Ii (.()tls(,gu(,lw(, of th(, I'a(.t
that 11.,, and h(,n('e :ulso (.os _ a('('o)'(liilg (o ('(lua-

(loll (1), mus! vanis])Ill a ])oinl wh(,r(, :_ magn('ti('
lira' t>ii'm'(':_t ('s.

The (lul)mtities _, _, and ._ thief al)l)('ar ill C(lUa -

(ioNs (52) (hrough (55) _))'(' r(,hil(,(l io X, !I, :t))(l :

()f th(' l))'('s('li( )ulalysis as r,)llows

_ -.)--g. (56)

?1 --7 ('os hd .77sin X (57)

.: _7 sin x_,_ cos x (5;';)

Th(' (.oor(lim_.i(,s or (h(, t)ou)l(I,wy hay(, I)(,(m

(':d('ulai('(l usillg lh(' Id)()v(' (,(m_tions, _).n(l |h(,

l'('_ults for th(' ([Uazltiiy r,/(l.07,";.I) \vh(,r('/"-' - .7-'_ !')-'

:i,l'(' I)r('st'iit('(I hi tal)h's VII uil(I VIII. 'I'll(' [il('tor
].07N tills l)('('ll hi(,hi(l(,(I so illlli r,,'(1.07<_,[) is

unity (o thr('(' (](,('ilnll.l ])la('(,s _ll th(, t)osiiion o[ lhc

fronl _iiiTulli, r t)ohil in the lil)t)roxhulil(' iwo-

diiii(,n:ionl)l iinlllysi_, lh_lt i.'.:,, ill lh(, I)oinl whi,r(,

O: O,%,_t_r ^:...'_. The i'(,_u|lilig \'ll|u(.'_ ili'(' ttlll,_

(tir(,('ii.v ('olilliilrlil)|(' with ih(' Viilli('s for p_ lhttl ai'(:
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ot)lained with the apl)roxinlate analysis with the

wdue for I sele('l('(I so llntl the approxiilutte ttn(t

_,xa_+t rt,_ults agree a! 0 0_.. It shou]<t I)e noted
that the factor required t<) redu('(, r/A it) traits is

uot quite independent of X, but vat'ics betwi,(ql
1.0779 and 1.07s4 as X in('reases fronl 0 ° to 45 ° .

The expression for ,t required to cal('uhlt(, the

actual size of the hollow is not given by Zhigulev
and Ronlishevskii, hul can be (leternlined from the

_ohltion given by ]lurh, v in rt'feren('e 1(I. It i_,

after ad.iustiIlg for dill'er<,tu'e+ iu tmnwn('latm'e,

j -

/71" XJl+,2 /71" 0. _(i
li=r_, ,,' ._ r(+., (5!)),t 4 4/ ,2 -

These <'ollsi([erations lead lo the ('on<'ei)t of l)re-
stinting comparisons of lhe results imli('att,tl bv tlt(,

t'xael and 2tl)[)l'OXiltttit(, solutions lit t(q'ltlS ol tit('

quantity

,,+++,+,,+,,,/;( ;,++( I' )
.1. 7,;,.1 } " 1 .()7,_, i /

((10)

rathtq +than sintply p:. "l'h(+ nc('es+arv ,'ah'uhttionm
have l)t'en l)t,rl'orme(l, and the results urc indicated

t)_, tile dashed lines on [igtn'e 13 for ('muparison
with the approxiniatt, resultN for the two-(linien-

sional i)robh, m. It sh(mld b(, holed that tile resuh
in(li(mted for X : 0 ditl'(,r_ somewhat froln the

rorresl)on(Ihtg resuh I)ri,sente(l in figure '2 ()f

r(,fel'eii_.(, il t)v I)llli_2'ev siit(+e the latter _'olilliiliS n

nunieri('lll error in the <'al('ullttion of the .r <'o(n'(li-

liille of flt(' l)Otllidiir)+.

It ('tilt t)0 _t'tqi ihlit the fOl'lll_ for the bOllli(Itirv of

the holh)_,v hidi('llled hy the iil)proxinillte lin(1

exli('l ,_(ihilillli_ lii'e hi 7()otl ii_reeili(,iil for all X il I)

hi lit leli_t 4,5°, _itti onlv Iliililll' differen(.i,_ o<'('tlr-

i'[n 7 in the vi('initv of the neutrlil [)oiiit_. The

_lifl'ei'en(,t,s _tl'(, sliglit lit Inagnitude ali<l l(l('lll in

exleitt, lit(il'tqiver, lilt(I it liiliv lie ('Oli('lu(ted Ihlll

olilv li _inaii ht_ of ii('(>tll'It('v i_ ht('tirre(t hv in/ro-

dil('lioli of the ill)t)t'oxhnltliOll lhlit ]]< i_ e(ltlnl i(i

'2f tiine_ lhe tlutl._enlia| ('ontl)l)nenl of llie i)er -

ilinltl:,itl liiliTIttqi(, th'hl.

The size of the hollow ill(ti_'lite(I by l.]le approxi-

illtilp t]l(,()]'\ r (t(,i)en(Is tll)Olt |lit' ('hoice of vithte ['or

f, howl,vtq', llli(I it (>tilt 1)(, slqql lhtil lhe pl'O(,(qilll'e

of sliillilv e(lualing. / io uitil'_ leitds h) (liinensions

for the tiollow lhiit itt'P llhotll 5 p01'(+tqlt too large+

A sut)shintilil sliitt'e of tlil,se <]il]'eren<'es is rentove(t

Ili)Oll sel(q'lion of i+ viihie of (I.913 for f for all_-

X tielWeeli ti ° iinll 4D °' Thi+ viihle, wtih'h <'lin be

obtilined readily front e(tulltion (60) b x <,quitting

p+ and rl(1.078A) to unity and solvili_, niav t)e

('Olllritsl(,(I with the vilhle of ().(i+ given |)) Ferritr<)

lit i'(,fiTell('( + 9 for ltie <'iise of ii ('llrl'i,iit ('iirryhtg

wire. ']'tte effe('ts of this tipproxintittion hiiv(, [)eetl

evahilited only for the iv_'o-dintensiontt] probh+ni,

bill ii is antieipah,d lhiil the i'eslths wouhl be of

('onipiiril|)ie quality for the t tiree-dinit,nsional ctl,_e+

li is l)OSsit)le, slit('(' +[ enlers its the ('ut)e rool in

the ltirel,-(linii,nsi()nal t'iisP ('OlUl)iire<] wilh ihe

S(tlliire l'OOl ill the lwo-(litill,iiSiolinl ('iise, liiitl the

il('('llriil'v of the approxiniate i'e_ult._ liiliv i,Vell

t)e _Olilewhiil bl, lhq' ill liil., Ilirlq,-(lililensionai

t)roi)h,in.

(_ONCI,UDING REMARKS

The ri,suits of li theori,ti('lll htvesligation of lhe

forlti of the holh)w ('lil'Ved olil of it liellll'lil _ll'elilli

of ionized sohir ('Ot'lillSl'ies t)V iltternlqiott witti a

tiiligtieli(' dil)oh' rl_i)res(qiliii 7 th(, geontltglie|i('

field ]in'¢e t)eeli [)re_eiileli ili ltn, lirt_('lq[ittg I)ltrli -

grlll)hs. Ttie hii_i(' ('Oli<.e[)l_ ()f tile +tliltlvsi_ are

<'inssi('lil Itiill _l(,lii front at long seri(,_ of hivesligli-

lioii_ of ('ttal)lllltli , Ferrliro, ])lilige.v, lilid olillq's.

'['he e(itllitio]ls have t)een sinll)lified |).v t he inl i'()(]tt<.-

lion ()1' ii _iitgle ltssunii)tion _ligge_ted and (,Olll-

nieliled tll)lili ri,(.l,illiv t)v Benrd and Ferrliro in

i'eferlqi('l_s N ttltd !). Analvli(. alid itllii}(Ti('It] solu-

lh)ns liave been delerinined wilhoui l'(q.()lll'_(, i()

ftlrltler approxinlali()ns. Till, i'e_tills ilrl, (.()iisisl-

eiil with ill()se in(li('iile(I tiv ellrli(,r Ill(,(li'(,ti('lil

Sltl(li(,s, but this is Its sli()uld t)(, t'xl)et't(,d , sin('e tilt +

hiller iil'o I)ii+ed Oli es+iqlliit]l'_' I lit, stiliie (.on(.elit_ its

the i)rest,ltt ('lll('uliltions. The i'()rresl)llli(liiig [)r(tl)-

lenl in two dinlen._ion._ is ll]<_o u()nsidered, lind il is

._}lOWli |hill |hi' tllllliogOIl_ llpi)r()xillllile remihs are

ill good il_l'('('lll(ql| with tile resnlts in(li('aled t)v the

exiiul ,_ohliion giv(,n ree_,nl|x t)v Zhigulev lili(I

l{oniishevskii (ref+ 5), l|urley (1'('t'. 10), lilnl Dliii-

gey ref. 6). A]tiiough il _iinilar (.ht,(.I,r Oll lhe

a('('lli'li('v ()f i]le lil)proxiniale r<,suhs for lhe llii't,(!-

dinten,_ionli[ ('ii$o ('till I1()I It(, a(+('OiUl)li_he(I tl t, the

l)resenl lhii(,, it i_ liilti('il)ltle(I ihlll lhe i'(,,_lills 7iveii

herein rt,l)re._enl good lil)l)r()xiinllli_)ii_ t() ltie (Lxii(%

s()lut ions.

The size of ltle hollow in(lh'aled by the theoreti-

('Ill stu(Ih's is nevertheh,ss nol in g()o(t aTl't?(,iii(qil.

with lhai in(tic'tiled I)v ilitigilelOllleler (tliiti frolil

Pioneer V repot'ted re('enll'( t)) ('oleliiiill, _Olielt,

,ludge, and _iniiti in ref('ren_'e 15. 'l']i(,se dlila,

n('(tuii'e(I hi ltn, vi('iiiilv of tin, (,(lUatorial t)lnne
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on lhe afternoon side of the earth, show tha( the

geonlagneti(_ field ternihnltes at a (listanee of about

14 earth n_dii froln the (;(,him" of the earth. This

resuh may be compare(/wi(h the (/istan('(, of .bout

7 to 10 earth radii in(li(,a(ed I)y the t)res(,n! (,nh'u-
lations when representative vahws are used for (he

velocity c ali(t numh(,v (/(,nsi( v /_ of (h(, ('orl)us(:ulnr

stream. This is a large dis('repan('y whi('h (ran no1
I)e resolve(I by simply choosing (liIt'(,r(ult vMues for

t_ IlI1(l 1_ SiIIC(' {.11(' IIO('OSSill'V V|IhlU'S tl['e lllllI(_(!Opl, ll[)l) _

small.

Tho llla_ZllOlOltlOt(q' dicta fl'Olll ])i()ll(qq' V, Iilld

.lso froni Exph)rer VI, disphiy wu'iath)ns lhaI

have been ini erl)ret e(41by 51nil h, ( !O]01111111, ,hidge,

IIll(t SOII0(I. ill l'Of('l'(ql('(._ 16 aS in(ii('ating the

presen('e of a westward flowing ('urrenI of about

5X l() tl nlnpert, s dislrit)ut(,d over a hirge volum(,

having the form of a ioroi(bll ring siluuh.d ill

the mngneii(, e(lunloHal l)hme at n distan('e o1'
about 10 e.rlh radii. The magnetic momenl of

SIlOh I| ('IIIT(HII s vst(,ln is of lht, sallle si_zI! alld

order of magnitude .s lha( of the lnnin dil)oh,

IMd, I1 is apl)arenl Iha! the l)resem'e of lh(,

ring ('uri'ent has the (,if(.(.( of greatly in(,r(..,in g

lll(, size, as well as altering the t'orm, of the

hollow. The present investigation has t)(,e)l ex-

tended, therefore, (o delerniine lhe (qr(,(.is or an

equatorial ring ('urrent: It hns tu,en found, for

the ease in whMl r_-5()0 kin/so(', _---10 protons/

cnP, X=0 °, nnd f= 1. lha( lhe geo('enlri(' disinn('e

to lhe int(,rse('iion of lhe boundary of the holh)w
nnd lhe sun-earth line, which is about 7.6 earlh

radii for the dil)oh, alone, in('reases lo about
12.() earth radii wiih lhe addition ot' a rink em'-

reu( or 5x 10_ aml)er(,s htlving infhiih,,_iniltl cross

seelion iilid siluliled in lhe niagiielic equahirial

i)liinl , ill il (]islancl' of 10 ('Ill'Ill radii. Whih, fills
rim(tel is adnlilledly highly siniplifi(,(t, lhe ('nh'u-

hlle(I distlul('e to the l)Olllldilr 3' of till' hollov< is

colillmlibh, wilh llie ot)serve(] disla)we. II lhlis

ii])l)(,lil',_ ihlit lile addiiion or ihe ning'n(,li(' tMd

lif li rili_' ('llrr01/l will sulti('e io riqill)Ye lhe liiiijor

pilrl of lhe (-l}._('r(,I)lllicy nolel] ill)liVe.

AMl.:s I{_,'sls._,RCH (3ENTER
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.()g3
977
970
9(i4
957
,¢)50
944
93(i
929
922
9(',4

I o11

1 061

3() 35

1. 730 l. _5_
1. 5S3 1 (i_,_
1. 455 1 542
1. 341 I 413
I. 231 1 299
1. 17ti I 223
1. 160 1 202
1. 145 I. 183
1. 131 I. I(i(i
1. 119 1. 150
I. 107 1. 136
1. O.()(i I. 122
1. 0_5 1. 109

1.07(i ! 1. 097
1, O(i(i i, OS5
I. 057 1, (/7,t

1, 04t4 ; 1, (i(13
1.040 7 1.053
I. 031 1. 043
l. 023 1. 034
I. 015 1. 024
1.00Y, I. 015
1 000 1.00(l

992 . 997
9<"45 (.)8S
977 (.)7(,)
9(i(.) 970
9(12 9(il
954 .()52
946 .(t'43
938 934
930 924
921 915
912 905
941 921
9g(i 963

I.032 1. 007

I. S75
I. 702
I. 553
1. 423

+ 1. 307
1. 229
1. 20Y,
1. 18,8
1. 171
I. 154
l. 139
1. 125
1. 112
1. 099
I. ()_
1. O76
I.065
I. 055
1. 045
1. 035
1. 025
1. ()l(i
I. ()07

• .().()_
98(.)
(.)79
970
961
952
943
934
924
,(}14
904
919
961

1, 004

4(I 15

2. 013 2. 215
1. _15 I. 97_
I. 64(i 1, 7_2
I. 501 l.(ilg
I. 375 1, 479
I. 274 1. 369
I. 252 1. 310
I. 22_ I. 279
1. 206 I r 252
1. lS(i 1. 22_
1, IIiN 1. 206
I. 151 1. 185
1, 136 I. l(i(i
1. 121 I. 149
I. 107 l. 132
(.094 I. ll(i
I. ()_l I. 101
I. 069 1. 087
I. O57 I. 074
I. 04(7 1. 060
1. 035 1. ()4_
1. 024 I. 035
1. 014 I+ 023
l. 003 I. 0l 1
• (.)93 1. 000

(,)_3 . (,)gg
973 . (.)77
962 .965
952 . 954
(.)42 942
!)32 931
(.)21 919
.(110 .()07
S.(19 Fi(.)5
,(+,O3 887
943 924
983 962

I
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TAP, I,F, II. (_()()RI)INATES 0 AND p (IF B()UN1)At{Y ()I" tt()I, IA)W IN Till': MEI{II)IAN PLANE C()N-
TAINING TIlE I)II'()LI,; AXIS ANI) Till," SUN-EAICPtl lANE !"()1/ VARI()(:S x (!on('hided

i
7r

i 4'=
i
I

X, {h'_

i 0,
I
i

(h'g

0 5 10

0 1. 260 1. 3lli I. 378

5
!0
15
2(1
25
3O
35
41)
45
5(1
55
6(}
(;5
7O
75

_5
911
95

l O0
L05
110
115
120
125
130
135
140
145
150
155
160
165
17O
175
I _0

1.341
1. 430
I. 528
1. {13!)
1. 764
1. 907
2. 075
2. 273
2. 514
2. 814
3. 197
3. 7O7
-t. 420
5. 492
7. 2_;:_

1. 405
1. 505

1. 61(i
I. 742
1. 88B
2. 055
2. 255
2. ,197
2. 7_,17
3. 182
3. 693
4. 407
5. 480
7. 271

1. 478
I. 590
I. 717
I. 862
2. O3 I
2. 27,2
2. 475

2. 77B
3. l(il
3. 1i72
4. 386
5. 458
7. 247

7. 283
5..197

-l. 420
3. 707
3. 197
2. 814
2. 514
2. 273
2. O75
1. 907
1. 76.1
I. 639
1. 528
I. 430
I. ?,41
1. 26tl

7. 284
5. -196
4. 427
3. 716
3. 2O8
2. 826
2. 528
2. 281,t
2. 092
1..(125
1. 78,:/
1. BS!t
1. 55O
1. 453
1. 365
I. 28{i
l. 210

7. 271
5. 41.t0
4. 426
3. 718
3. 213
2. 833

2. 53b;
2. 300
2. 105

1. 9.10
I. 799
I. B77
1. 569
1. 473
1. 386
1. 308
1. 233
I. 1B7

15 20
i

2. 0(}4 2. 174
2. 2(15 2. 417
2. 448 2. 718
2. 749 3. 102
::L 134 3. B11
3, 645 4. 322
4. 358 5. 3f41i
5. 427 7. 16O
7. 210

7. 210
7. 247 5..151
5. 475 4. .l(tl
4..117 3. 703
3. 714 3. 21}7
3. 212 2. g34
2. 836 2. 544
2. 543 2. 312
2. ;:iON 2. 120
2. 114 1. !)(i()
I, 951 1. 822
1. 812 I. 7(}3
1. (;91 I. 598
1. 585 1. 5O5
I. 4(.}0 1. -t21
1. 405 I. 3-15
1. 327 I. 276
I. 21;5 1. 209
I. 189 I. 149
1. 128 1. (193

! i

25 30 35 35.6 i 40
........ i ............ .....

I. 1)22 ,
1. 7(18 i
1, !t39 !
"2. 1-10
2. 382
"2. 682
3. 065
3. 572
4. 278
5. '33()
7. 09!{

7. 161
5. 41_
4. 377
3. 687
3. I !ill
2. 828
2. 541
2. 312

2. 123
I. 965
1. 82{.t

1. 712
1. (i(19
1.517
I. ,135
1. ?,60
1. 292
1. 2211
1. 168
1. 113
I. Gill

1. 730 1. 858
I. 900 2. 058
2. 101 2 298
'2. 342 9" 5{.}5
2. 641 9" 973

:_.022 3:473,. 525 4. 1 B9
4. 227 5. 208
5. 277 li. 938
7. I)2.1

7. I(10
5. 375
4. 347
3. 61;5
3. 18(1
2. 817
2. 534
2. 308
2. 122
1. 967
I. 834
I. 718
I. 617
I. 527
I. 44fi
I. 373
1. 30tl
I. 249
1. 18,5
1. 132
I. 081
I. 1)'32

7. 026
5. 323
4. 309
3. 636
3. 158
2. S(ll
2. 523

2. 301
2. ll!}
I. 966
I. 835
I. 722
1. 623
1. 535
1. 456
1. 38-I
1. 318,
I.258
1. 201
1. 148
I. (}!){.1
1. 052
1. OO7

1. 875 2. 013

2. 079 2. 252
2. 325 1 2. 547
2. 63(i ! 2. !122
3. ()19 3. 417
3. 537 4. 106
4. 2lIP, 5. 135
5. 360 6. 845

7. 215

it, 857
6. 754

5. 169

2_. 209,. 567
3. 107
2. 7{;2
2. 493
2. 276
2. O98
1. {)-l!i
1. 821
1. 710
I. 612
1. 52B
I. 44_;
1. 377

1. 312
I, 253
1. I (.)(i
I. 144
I. (195
1. 0,18
1. (t('l I

6. 941
5. 263
4. 263
3. 602

3f 132
' 781
2. 5(18
2. 290
2. Ill
I. 961
1. 834
1. 723
1. 626
1. 541)
1. 463
I. 393
I. 329
1. 270
I. 214
1. 163
1. 115

I. ()(i!i
1. 025

• 983

45

2. 215
2. 507
2. 871.t
3. 37O
4. O53
5. 072
6. 766

6. 8-13
5. 193
4.211
3. 562
3. I(il
2. 757
2. 49O
2. 276
2. 101
I. 955
I. 83O
I. 722
1. 627
1. 5-13
1. 4118
1. :_ilt)
I. 337
1. 289
1. 230
I. 175
1. 129
I. 081
I. (H2
1. ()()1
• !}l_2

TABI,I'; Ili. (:()()Ill)INATI']S 0,v ANI) px (}F NI'iITIIAI, P()INTS l.'()ll VAIlI(}[:S x

X, (h'_

(I 5 li) 15 20 25 30 35 i :_5. (i i 40
I I

O,vU, {h'_s 19. 10 19. 50 ' 20. 75 21. ()0 22. 20 22. -I0
! 1. l)0() _ 1. 023 1.043 1.053 ! I. 103 : I. 142

PN l,

0NL, (h'll 1(il. 00 llil. l) 16:/. 0 163. 4 11i3. 75 165. 4

pNz, I.,(,<, ""> '") i 942 . 923 . 920

22. 5(1 23. 60 23. ?,(.i

I. 183 1. 235 1. 239

165. 7 167. 5 167. 7
• 900 . 890 . 890

i

i 45

2(;. 19 29. 32
I. 275 ' 1. :;;0:_ ,

lus. 5o I6{.t. 2 i

o. 886 i .8_(} !
I I
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TAIH,K IV. ('()()I(1)INATES (}F B()UNI}AI_Y ()1 e tI()I,1A)W IN THE E{_ITAT()tHAI_ PI-_.NE, ;_ =0

¢, ([(11 p ¢, (h,_ [ p

90. I)()
95. I)()

l(l(}. 0(}
105. ()0
I I(). I)i)
115, ()0
120. (}0
125. ()(}
13(). (i(I
135. {1(1
140. 0(}
I45. 0(}
15(}. 00
155. 00
160. 00
J65. O0
170. 00
175. o(i

l. 0000
I. OOO8
1. OO32
I. O072
1. 0129
1. O2O3
I. O295
I. 040(;
l, ()537
I. O689
I. 0865

I. 1066
I. 1296
I. 1557
I. ] 852
t. 2197
I. 2567
I. 2999

('(}{)I{I)IN.VI'I,2S o ANI) p: ()1 e B(

180, O0
1{45. 00
190. 00
195. O0
200, O0
2O5. O0
210, OO
215. O0
220. ()|)
225. 0()
23(}. O0
235. O0
240. 00
245. 00
25O. (}o
255. Oo
260. O0

l, 34!} I

I, 4053
1. 4(i.{)g
1. 5444
I, (i3 l()
I. 7326
I. g52g
I. (.)!}(i!)
2, 1719
2. 3881
2. 6612
3. 0156
3. 4919
4. 1635
5. 1767
6. 8735

1o. 27!)|

T AI'H,I,: V. [TNI)ARY F()R VAI¢I()US x, TW()-I)IMI'2NSIi)NAI, I'I((}IH,I,:M

7r

¢ 2

X, (h'_
0, (h,_ ...............

() 5 I() 15 20 25 30 :}5

0 1. 000 I. ()(_6 I. I t l 2211 I. :{26 I. 441 1. 577 I. 740
5 I. (}0(} I. (14:3 1. 091 1, 155 I, 236 33:3 1. 4-17 1. 5_;3

ll) I. 0()0 I. (13!) I, (}g3 1. 13-I 1, I (3-') 264 I, :{55 1. 465
15 1. 110(} I, 03(i 1. 076 I. 122 1. 17 I 234 I. 303 I. 38_
20 I. 0(}0 1. 033 I. ()(19 1. I 1 l 1. 159 213 l. 274 1. 346
25 I. 000 1. (}3(} I. ()B3 I. 1(}1 I. 144 1!13 I. 248 1. 312
30 t. 00() 1. 027 I. (}57 1. 092 I. 131 175 I. 225 1. 282
35 1. (}(}(} I. 024 I, 052 I. ()g3 1, I IH 158 1. 203 1. 25-I
I() l.q)(}(} 1.022 I, 0.17 1.075 106 . 124 I. 183 I. 22!}
"|r) I. I)(}() I, 019 I. 0-12 I. ()(_7 095 . 128 I. 165 I, 2(}(i
50 I. 1)()o I. 017 I. 037 1, 05!} ()g5 , 114 l, 147 I. 185
55 I. 0(}(} 1. 015 I. 032 I. 052 ()75 . l(}l I. 131 I. 164
60 1. 0(}(} t. 01;3 I. ()2g I. 046 (}66 . (}_!} I. 115 I. 1-15
65 I. (}00 1. (}I I I. o24 l, 039 O57 1,077 I. IOl I. 127
70 I. 0()O I. 009 I. 020 1. 033 018 1. (}(i(i 1, 087 I. 110
75 I. 0()() I. 007 I. 016 1. 026 (I-I0 I. 055 1. 073 1. 091
,_0 I. ()0() I, 005 1. 012 020 03t I. (H5 I, O61 I, 078
g5 1. 00(} 1. 003 I. (}0g 015 (123 I. 034 I. ()-l_ I. (}(i3
90 1. 0()(1 1.(101 l. 004 1 00!} o15 I.(12.1 1, 1}35 049
95 1. 11()0 . _ { {.},L) I. ()00 1 003 008 I.(115 I. ()23 I. 03-t

I(1() 1. 0()(} 9!17 997 !}!)7 0(}() 005 1. 012 I. 020
105 I. 0(}0 995 { _'} !19;3 (){P),),} .... 995 1. (}00 1. (}07
I I(1 1. 0110 {,t!1:3 989 !)g6 !}H7 986 !t8!} !193
115 1.1}(}(} 991 985 9go !177 !177 977 !}_(}
12o I. (}(}(} 989 !)RI 974 !170 967 967 967
125 l. (}o(} 987 !177 96_ .{}(12 !157 955 954
130 I. 00o 985 973 963 954 948 943 9-11
135 I. 0(}11 983 969 957 !}46 !138 932 !127
140 I. (1(}0 !}_ I 965 !t511 9:¢8 928 920 !114
115 I, 0(}0 97!1 960 {,144 !130 918 909 90 I
150 I. (}00 976 956 1137 _.)__'_'} 908 897 _87
155 I, (1(}(1 974 !)51 931 !113 8!18 884 g73
160 I. 000 971 . 946 924 90-1 887 872 859
165 I, (}0(} 969 . 941 1)l (i 894 875 859 814
170 I. (}00 !)(i(i . 935 ,{)()_; 885 864 845 8'2 I}
175 1, (}00 962 . !129 (,)0() 874 851 831 814
I _() 1, (1(1(} 959 , 923 891 _6:{ _38 817 7!)7

4O

• 937
74-1

• 51}S
• 493
• 12N,

385
• 3-I 7
• 313
• 282
• 253

I. 227
I. 2()2
I. 17!}
I. 158
1. 137
1.11_
I, 09!1
I. 081
I. (}(i-I
1. ()48
I. (}31
I. 01fi
I. (}(}0
• !)_5

970
955
941
925
9t0
895
879
N,(14
8.18
832
815
7!}8
7P_O

15

2. 180
I. 911
I, 758
1. 622
I. 52_4
I. 170
I. 423
1.38(}
1. 342
I, 3O7
I. 275
I. 2-15
1. 218
I. 192
t. 168
1,115
I. 123
I. 102
I. (182
I. (}(i3
1. 045
I, 026
1, 009

9111
974
957
!141
921
907
890
874
856
839
821
8(}3
785
765



I)ETERMINA.TI()NOFTHEFORM[OFTHEH(}I,I,O_)VIN THE S()I,AR (_()I_,PUSCULAR STREAM 2_

(_()()Ill)INATIC_S 0 AND p: {)F Bi)['NI)AP, Y F()R VAI/IOUS X, TW()-I)IMENSI()NA1,3"A BLt,; V.

PI/()I¢I,I,2M CmwhMvd

..... i

I X, (h'_
0, (leg i

i- .........................................

i

_, 0 5 ' 111 15

I. 11110 1. 11(ifi I. 141 1. 221i
l. 0111 _ I. 155 I. 23(; I. 333

1. 192 1.264 i 1. 2,55 1. 465
1, 303 I. 388 : 1. 4{.)3 1. 622
I.-t128 I. 528 I. 653 l. 8117
1, 570 I. 69(1 I. g40 2. I127
I. 732 1. 871.1 2. 063 '2. 295
l. !)'21 2. 102 2. 332 2. 62(;
"2, 144 2. 372 2. 884 3. 0411
'2, 114 '2. 705 3. llgg 3. (iON
2. 748 3. 1.,) 3. (;48 I. 386
3. 172 3. 614!) .t.-121i 5. 545
3. 732 I.-l(iSl 5. 586 7.-1(;9
1. 511 5. (;28 7. 510

5. 671 7. 552
7. 596

7. 6C, I
7. (1.5.t 5. 7.5;_

7. 632 5. 7P,7 -I. 61):_
7. 5!)(i 5. 7111 4. 581 3. N3 I
5, 671 -l, 551) 3. 8()5 3. 975
-1. 511 3. 772 3. 247 2. 8,55
3. 732 3. '212 2. 82-1 '2, 5'21
2,, 172 2. 78!1 "2.-1!)2 2. 2;')7
2. 71S 2. 156 2..221 2. 035
2. -ll I '2. ISll 2. 01) I l, 8,[_
'2. 111 1. !;63 1. _13 I. fi87
1. {.)'21 I. 774 I. 651 I. 5-17
I. 732 1. 612 I. 5111 I. ,123
I, 570 I. 17o I. 385 1. 312
I, 428 I. ;'Ll(i I. 271 I. 213
1, 311;_ 1. 231 I. 174 1. 122

1, 1!12 _ I. 134 1. ()g3 I. 03!I
I,()!)l ! 1. o43 l ].ooo .!)62
I. ooo . !15!) , . !)'2:_ . s!)l

l

I

i

21) i 25 51) :_5 j )(1 45

1. 326
I. 4.17
1. 5!18
I. 77!)

I. 9!16
2. 262
2. 5{.)2
3.013
3. ;57 I
-1. 3-18
5. 5111;
7. -121.)

7. (;54
5. 75!)
1. (il(}
3. 84!)
3. 2!17
2. 87{.)
2. 551
2. 286
2. 1165
I. 879
I. 720
I. 58(1
1. 457
1. 347

1. 2-18
I. 15!)
I. 0711
I. 00o

• 929
• 863

I. I-tl 1. 577
I. 583 I. 744
1. 758 1. {.)52
I. !)71 2. 210

[ 2. 23;I 2. 535
: 2. 561 2, D52

2. !181) 3. 5116
3. 537 .1. 28(1
.l. 312 5. 436
5. 170 7. 356

7. 391

7. 596
7. 632 5. 737
5. 753 I. 616
.I. 620 3. 861
3. N6o 3. 322
3. 313 2. !113
2. 8119 2. 591
2, 573 2. 330
2. 310 2. 114
2. 092 1. {.)32
1. !)(17 1. 775

I. 71!) I. 638
I. Bl 1 1. 5IN
I. IS!) I. -110

I. 3_0 1. 313
1. 21"12 I. 225
I. 193 I. 1-t4

1. lit 1.06!)
I. (136 1. o0(}
• !16(_ . !)35
• 900 . 87-1
• _:_,M . _17

I. 74o
I. {)4 I
2. 191

' 2. 51-I
2. {.)27
3. 479
4, 25O
5. ,10-1
7. 323

7. 5.15
5. 711)
4. 6113
3. 86O
3. 326
2. 92 I
2. 611:{
2. 316
2. 133
I. 953
1. 798
1, (i(i3

1. 54,1
1..137
I. 3-12
I. 25-I
I. 175
I. 101
1. (133

!169
9O8
SSI
71.,7

i
I I. 937 2. 180

2. 183 2. 489
2. 4!18 2. 8!14
2. 90g 3. 43g
3. 456 4. 203
1. 225 5. 353
5. 377 7. 267
7. 293

7. 4O0
7. -180 5. 622
5. 671 -l. 550
4, 581 3. 83 I
3. 819 3. 313
3. 322 2. 921
2. 1124 2. 613
9. 1;I 1 .2. :](i,l
2. ;}-)7 2. 157
2i 1-17 I. 983
1. !1711 1. 83:t
I. 817 1. 702
1. 684 1• 587
I. 567 1..18,4
I. 462 I. :P,}l
I. 368 [. 3117
1. 282 1. 229
I. 203 1. 158
I. 131 1. 092
I. 063 I. O3O
I. (1(}0 .1}71

• 911 . !116
• g85 .861
• 831 . SII
• 7M(} i . 71171

!

I)

5
10
15
2O
25
3O
35
-HI
45
5O
55
60
65
7O
75
S0
85
9O
95

I 1)0
105
I 1()
115
I ')0
125
13(I
135
I l{1
IL5
150

155
16O
165
170
175
I bl0

T.\BI_I'] VI. ('()()I{I)[NATI'2S Ov AN1) p.,%

i 0

Ovc, d('_ 0

p2y v 1, 00(}

0ut., {leg 18(). 0

I. 000
P2NI,

5

2.5

1. 0.14

I gO. 0

O. !t51.)

0

5. (1

I. 091

180. 0

0. 923

15

7,5

1, 140

lgO. 0

0. g!)1

()I,' NI,iU'I'I{AI_ I'()INTS V()l{ \'AI{I()[S x, T\VI)-I}IMI,]NSIONA1,

Pill H/I,I.:M

,k (leg

20 2,) _[ 3O i 35

10. 0 12. 5 i 15. 0 17. 5

192 1. 246 1. 303 i 1. 36-11.

180. () 180. {) 1 gO. 0 180. ()

0. 863 0. g:{_ 0. 817 0. 797

40 45
i

20. 0 22. 5

1. 428 1. ,1!17

180. 0 180. (1

O. 7,'40 0. 7fi5
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"I'AI_I,E VII. COORDINATES 0 AN1) r/(l.078A) OF THE BOUNDARY OF THE H()LI,OW F()R VARIOUS

X, EXACT SOLI?TION 1"O1¢ TW(}-I)IMENSIONAI, PROBIA':M

#, de_

11
I

(1
5

1(1
1,5
2(1
25
3()

35
4(1
45
5O
55
60
65
71)
75
S0
S5
9O

95
I O0
105
11(1
ll5
120
125
13(I
135
1-1()

1-15
1511
155
l ii()

165
17()
175
I g()

7"

¢-=2

X, {h'¢

5 I(1 15 20
i

......... - i

(1. 9(.)3 1. 056
950 1. (104
94P) . 986

(,}5(; . (.)92
(,165 . q(,)(,)
972 1. {1(13

978 I. 006
983 1. 008
(.186 0()(,t
(.)89 010
(.t(.12 l. (}10
(,t(.)4 1. 010
!)(.16 1. ()()(,)
!1(,17 1. 0(18
998 I. 007
99!1 1. 006

I. (100 I. 005
I. ()(1() 1. 0(13
I. (}{10 I. 001
1. {1(I(} (.)(.)9
I. 000 !)(,17

(,)!19 !)(,)4
!198 991
.q,()7 !188
(.I(.16 !185
!)(,14 981
992 (..)77
989 (,172
!}g(; 967

(,t83 96 I
!17_ (,)5-1
972 (.t45
9(15 936
956 924
943 (,1(t7
(,)5(1 903
(')93 93_

1. 127
1. ()67
1. 036
1. 034
1. 037
1. 038
1. 038
I. 037
I. 035
1. 033
1. 030
I. 028
1. 025
1. 022
I. 019
1. 015
1. 012
1, (1(18
I. (104
I 000

!)!l(i
(')(.)1
(.)N{;
981
976
97(I
!l(;4
957
(,150
9-I 1
!)32
922
(')I0
895
87{;
S(;2
8N9

! 1. 210

1. 138
1. (ll)(i

1. 082
t. 081
I. 078
1. 074

1. 0(;9
1. 064
1. (}59
1. 054
1. 04(.)
1. 043
I. 038
1, 032
1. {127
1. 021
1. 015

1. 009
I OO3

9{)7
(.1_.;(I
984
!177
!)(i(.)
9B 1
953
944
935
925
!t16
901
887
87O
85(1
827
_;4(i

I. 304
1. 221
1. 166
1. 13(,}
1. 131
1. 123
1. 115
I. 107
1.09_
I. 0(,t0
1, {18 I
1. (173
I. 065
1. 057
I. 049
I. 041
I. 033
I. 025

017
0O8
()(10
992
(.)83
(,)74

(.t65
(.)55
!145
934
923
911
8{)7
883
867
848
826
7i18

25 3(1 35 ; 4(I i ,t5

....... i ..... i -- 2 - *

I. 415
I. 31(i
I. 247
1. 206
1. 188

I. 175
1. 162
I. 14(.t
I. 136
I. 124
1.112
1. I(11
I. 0(.)0
1, ()7(,)
I. 068
I. 057
I. (147
I. (13(;
I. (12fi
1. (}l(i
t. (I05
• 9!15

984
973
962
('15(I

938
926
913
899

N84
867
8,1(,)
829
gl)5
774
77,1

1. 545
1. 428
I. 342
I. 286
1. 255
1. 235
1. 216
1. 1 (.t8
1. 801
I. 164
I. 148
I. 132
1.118
1. 104
1. 0(,t(I
I. 077
I. li(;4
I. 051
I. 0:'1_
I. 025
1. 013
i. {1{I(}
• !187

97-I

9(;1
9.18
934
!120
905
88(,)
g72
854
834
812
787
753

71 t

1. (i9(,}
1. 559
1. 454
1. 38{1
I. 334
1. 305
1. 278
1. 253
1. 23O
1. 208
1. 188
1. 16(.t
1. 150
I. 132
1.116
1. {}99
1. (183

I. (168
I. 052
I. O37
I. 022
1 007

993
97g
963
947

931
915
898
88l

862
843
821
7!18
771
737
717

I. 885
1. 716
1. 586
1. 4(,}I
1. 427
1. 385
I. 35(I
I. 317
1. 287
1. 25(.)
1. 234
I. 21()
1. 187
1. 165
1. 145
1. 125
I. 106
I. 087
I. 06(,t
I. 052
I. {t34
I. 017
1 000

(.)83
(.)(ill
(,t48
(.)3 I
913
8!14
875
855
833
810
785
757
722
69.1

2. 113
1. 904
1. 744
I. 624
1. 538
I. 479
I, 433
I. 39 I
I. 353
1. 318
I. 286
I. 256
I. 229
1. 203
1. 178
1. 154
I. 132
I. I 1(1
I. 089
1. (}{i!)
1.0-1(,)
I. (12(,1
l 010

9!10
971
952
932
:)12
892
N71
849
X2(i
N{}I
775
748
709

(;73
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TABLE VII. (_OORDINATES o AND r/(l.078A) (iF THE BOUNDARY OF THE HOLI,OW FOR VAIHOUS

X, EXACT SOLUTION FOP, T\VO-DIMENSI()NAL PROBLt'_'M--Concluded

71-

'_ : 2 I

)_, dpg

0, (t('g ...........................

(} 5 15

0
5

10
15
2O
25
30
35
40
45
5(1
55
6( }
(;5
7(1
i,')

8()
85
ql}
95

1O0
105
II0
I15
12(I
125

130
135
140

145
150
155
16(}
165
170
175
180

0. 993
1. 063
1. 153
1. 25!)
1. 382
1. 521
1. 681
i. 867
2. 1185
2. 345
2. 654
3. O52
3. 672
4. B27

6. 03,1
8. 0(16

I. (156
1. 13; _,
1. 231
1. 348
1. 483
1. B40
I. 823
2. O38
2. 296
2. 605
2. 992
3. 5(.)4
4. 532
5. !125
7. 8(.15

8. 113
8. 0()(i 6. 13_
B. 034 4. 720
4. 627 3. 748
3. 672 3. 113

3. 052 2, 704
2. 654 2. 3(.t5
2. 345 2. 132
2. 085 1. 9 t 2
1. g(17 1. 724
I. 68 l 1. 562
I. 52[ I. 42(1
I. 382 1. 295
1. 25(.) 1. 184
1. 153 1. 086
1. (16;_ I. 002

• (.)(.)3 j , (.)28
]

IO

1. 127
I. 214
I. 322
I. 452
1. (}(14
I. 783
1. 995
2. 24!)
2. 559
2. (.)34
3. 518
4. 43(;
5. 81(;
7. 783

8. 217
6. 238
4. 809
3. 824
3. 17-1
2. 75-1
2. 44(i

2. 180
I. 958
I. 76{)
I. 605
1. 462
1. 334
I. 221
I. 118
1. 027
• 949
• 889

I. 210
I. 307
1. 428
I, 575
I. 749
I. 956
2. 207
2, 515
2. 881
3. 4-16

4. 344
5. 709
7, (;72

8. 315
6. 332
4 893
3. 894
3, 232
2. 804
2, 4(.}4
2. 227

2, (1{}3
1. 813
1, 648
I. 504
1. 376
I. 26 I
I. 157
I. 062
• 977
• 9O2

• 8,16

i

20 25 I' 30 _il 35 _ .10 ; -15

I. 3O4
I. 415
1, 55-t
1. 721
1. 923
2. 16 i)
2. 472
2. 833
3, 37(.)
4. 257
5. (i0li
7, 567

8 405
6. 41N
.1. 970
3. 96O
3. 287
2. 851
2. 541
2. 271
2. 1147
1. 85B
1. 691
I. 548
1, -II8
I. 3O2
I. 198
1. 102
1. 014
• !)3'3
• 861
• 808

1. 415
1. 543
I. 703
1. 8!19
2. 138
2. 435
2. 7!12
3. 320
4, 177
5.511
7, 4()_

8. 486
6. 4(.)3
5. 037
4. 018
2,. 337
2 8(.)4
2. 584
2. 313
2. 088
1. 8(.)7
I. 732
1. 587
1. 459
I. 344
I. 239
I. 143
1. 054
• 971
• 9,95
• 826
• 774

!

I. 545 1. (;(.)9 ! 1. g85
1. 695 1. 878 '2. 103
I. 883 2. 104 2 380
2. 116 2. 388 2. 725
2. 407 2. 737 3. 205
2. 760 3. 232 4 00(;
3. 271 4. 049 5. 2!)(i
4. 107 5. 353 7. 247
5. 425 7. :_;05
7. 380

8. 555
6. 556
5.0i)3
4. O68
3. 381
2. {)?)4
2. 622
2. 352
2. 126
1, (.136
L 771
1. 626
1, 498
I. 383
I. 279
I. 184
1. 095
1. 013
• 935
• 862
• 795
• 744

8. (i13
6. 6O7
5. 138
4. 108
3. 417
2. (.)(iS
2. 657
2. 386
2. IBI
1. (.)7()
I. 8116
1. ()(13

1. 535
I. 421
1. 318
1. 223
1. 135
l. (154
• (.)77
• (.)03
• 833
• 768

i . 717

8. (i56
6. 1;43
5. 170
4. 137
3. 446
2. (.)(.17
2. 685
2. 415
2. 191
2. 001
1. 838
I. 695
I. 569
1. 456
I. 354
1. 26O
1. 174
1. 093
1. 017
• 945
• 876
• 80(.)

I . 7=15
• 69,1

i
2. 113
2. 38:',

; 2. 725
3. 1(92
3. 978
5. 258
7. 2O7

8. 685
B. 664
5. 188
4. 155
3. 465
3. 018
2. 7(18
2. 4:9,)
2, 216
2. (}2g
1. 866
I. 725
1. 600
1. 488
1. 387
1. 295
1. 210
1. 131
1. 056

985
918
852
788
725
673

TA I_ 1,1,', VII1.

Ü_vr. (leg

P2N U

O,vL, {fl,g

I P2NI,

4

(',()()RI}INATI,;S O.v ANI) r_.,' 1 078A) ()F NVITTI(AI_ I'()INTS F()I¢ VAIII()USh, EXA('T S()IA r-

TI()N F()R TW()-I)IMENSI()NAI, t'I(()BIA,]M

k {leg

() 5 10 15
I

i

11.0(} 12. 42 13. 81 15. 24

0. 945 [ .9875 1. 037, _ 1. (182

168. 94 170. 25(,_0 171.50 172. (,(,)
0.945 (}. 0.$7(} I 0,8:_(;

2O 25 3O

16. 68

I. I P,(i

173. 80

0. 804

18. 12 1(.). 55

1. 1(.)4 I. 257

174. 83 175. 77

(1. 775 0. 748

?,5 40

20. 97

1. 828

176. 62

0. 723

22. 3-1

1. 4O6

177. 36

0. 7OO

.15

23. 65

I. 493

178. 01

0. (i_0
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